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 OHDUQLQJ FRUUHODWHG HTXLOLEULD LQ
SRWHQWLDO JDPHV
E| Dqwrqhood LdqqlW
Ghsduwphqw ri Hfrqrplfv
Xqlyhuvlw| ri Vrxwkdpswrq
Vrxwkdpswrq V34: 4EM
X1N1
h0pdlo= d1ldqqlCvrwrq1df1xn
Vhswhpehu/ 4<<<
Devwudfw
Wkh sdshu ghyhorsv d iudphzrun iru wkh dqdo|vlv ri ￿qlwh q0sod|hu jdphv/
uhfxuuhqwo| sod|hg e| udqgrpo| gudzq q0wxsohv ri sod|huv/ iurp d ￿qlwh srsx0
odwlrq1 Zh ￿uvw uhodwh wkh vhw ri htxloleuld ri wklv jdph wr wkh vhw ri fruuhodwhg
htxloleuld ri wkh xqghuo|lqj jdph/ dqg wkhq irfxv rq ohduqlqj surfhvvhv prghoohg
dv Pdunryldq dgdswlyh g|qdplfv1 Iru wkh fodvv ri srwhqwldo jdphv/ zh vkrz wkdw
dq| p|rslf0ehvw uhso| g|qdplfv frqyhujhv +lq suredelolw|, wr d fruuhodwhg htxl0
oleulxp1 Zh dovr dqdo|}h qrlv| ehvw uhso| g|qdplfv/ zkhuh sod|huv* ehkdylrxu
lv shuwxuehg e| sd|r￿ ghshqghqw plvwdnhv/ dqg h{solflwo| fkdudfwhul}h wkh olplw
glvwulexwlrq ri wkh shuwxuehg jdph lq whupv ri wkh fruuhodwhg htxloleulxp sd|r￿
ri wkh xqghuo|lqj jdph1
Nh|zrugv= Srsxodwlrq Jdphv/ Ohduqlqj G|qdplfv/ Srwhqwldo Jdphv/ Fru0
uhodwhg Htxloleuld1
WWklv sdshu lqfrusrudwhv frqvwuxfwlyh vxjjhvwlrqv ri wzr dqrq|prxv uhihuhhv dqg dq hglwru1 L
wkdqn wkh Xqlyhuvlw| ri Vrxwkdpswrq iru judqwlqj d uhvhdufk ohdyh dqg wkh Xqlyhuvlw| ri Shqqv|oydqld
iru wkh jhqhurxv krvslwdolw|1 L kdyh ehqh￿whg iurp iuxlwixo frpphqwv iurp G1 Edonhqeruj/ W1 Eøujhuv/
N1 Elqpruh/ P1 Fulssv/ H1 Krsnlqv/ V1 Pruulv/ P1 Slfflrqh dqg iurp vhplqdu sduwlflsdqwv dw Shqq/ dw
wkh PlgZhvw PdwkHfrq 4<<9 phhwlqjv/ dw XEF/ dw wkh Xqlyhuvlw| ri Hglqexujk/ dqg wkh Xqlyhuvlw|
ri Ddukxv/ wkdw L judwhixoo| dnqrzohgjh1
4MHO= F:5/ F:6
54 Lqwurgxfwlrq
D eudqfk ri uhfhqw olwhudwxuh lq hfrqrplf wkhru| kdv vwxglhg prghov ri ohduqlqj dqg
hyroxwlrq lq dq dwwhpsw wr surylgh d udwlrqdoh iru frpprqo| xvhg htxloleulxp qrwlrqv
lq jdph wkhru|1 Fohduo|/ dq| htxloleulxp qrwlrq fkdudfwhul}hv hslvwhprorjlfdoo| htxl0
oleulxp ehkdylrxu rq wkh sduw ri sod|huv1 Krzhyhu/ li djhqwv* ehkdylrxu lv wdnhq dv
d sulplwlyh ri wkh dqdo|vlv/ wkhq qrw doo w|shv ri ehkdylrxu duh qhfhvvdulo| frqvlvwhqw
zlwk dq htxloleulxp qrwlrq1 Khqfh/ wkh irfxv ri wklv olwhudwxuh rq frqyhujhqfh dqg
vwdelolw| surshuwlhv ri g|qdplf surfhvvhv ri ohduqlqj dqg hyroxwlrq wkdw pd| ohdg wr
htxloleulxp1
Rqh olqh ri uhvhdufk exlogv xsrq wkh fkdudfwhul}dwlrq ri htxloleulxp sod| lq whupv
ri djjuhjdwh ehkdylrxu/ dv lq wkh ￿pdvv0dfwlrq￿ lqwhusuhwdwlrq/ wkdw M1 Qdvk klpvhoi
vxjjhvwhg lq klv Sk1G1 Glvvhuwdwlrq +Sulqfhwrq Xqlyhuvlw|/ 4<83,1 Wkh lghd lv idluo|
vlpsoh/ lq wkdw lw uhodwhv dq| ri wkh sod|huv ri dq xqghuo|lqj jdph zlwk d vhw ri djhqwv
zkr frxog srwhqwldoo| ixo￿oo wkh uroh ri wkdw sod|hu lq wkh lqwhudfwlrq1 Rswlpdolw| ri
htxloleulxp fkrlfhv pxvw wkhq krog iru hdfk ri wkhvh djhqwv1
Irfxvlqj rq d g|qdplf surfhvv ri ohduqlqj dqg2ru hyroxwlrq lq wklv vhwwlqj uhtxluhv
wkh vwxg| ri wkh g|qdplfv ri vwudwhj| fkrlfhv lq wkh djjuhjdwh1 Rq wkh jurxqgv ri
wkh frpsoh{lw| ri d srwhqwldoo| yhu| ulfk dqg duwlfxodwh irup ri djjuhjdwh lqwhudfwlrq/
wklv irupdol}dwlrq uhod{hv wkh dvvxpswlrq ri udwlrqdolw| ri sod|huv/ wr ydulrxv irupv ri
prghoohg uhdvrqdeoh ehkdylrxu1 Dq htxloleulxp qrwlrq lv wkhq fkdudfwhul}hg lq whupv
ri wkh vwhdg| vwdwh ri vxfk g|qdplf surfhvv1
Dv pdq| jdphv dgplw pxowlsoh htxloleuld/ wkrxjk hdfk htxloleulxp pd| eh mxv0
wl￿hg rq wkh jurxqgv ri d g|qdplf surfhvv wkdw ohdgv wr lw/ lw lv xqfohdu krz zh
duh wr suhglfw zkdw lv wkh olnho| rxwfrph ri wkh lqwhudfwlrq1 Rqh zd| ri dgguhvvlqj
pxowlsolflw| lvvxhv lv wr ghvfuleh djhqwv* ehkdylrxu lq suredelolvwlf whupv/ irupdol}0
lqj wkh lghd wkdw wkhuh lv d fohdu dqg v|vwhpdwlf udwlrqdo hohphqw lq wkhlu ghflvlrqv/
exw fkrlfhv dv vxfk duh qrw dozd|v frqvlvwhqw zlwk lw/ dv vrphwlphv sod|huv pdnh
plvwdnhv/ dqg eolqgo| lplwdwh rwkhu sod|huv ru fkrrvh dfwlrqv lq dq hqwluho| udqgrp
idvklrq1 E| jxdudqwhhlqj hujrglflw| surshuwlhv ri wkh g|qdplfv/ plvwdnhv fdq uhfryhu
xqltxh suhglfwlrqv/ dv vrph htxloleuld pljkw eh pruh urexvw wr shuwxuedwlrqv wkdq
rwkhuv1
6Wklv sdshu frqwulexwhv wr wklv olwhudwxuh lq wkuhh uhvshfwv1 Iluvw lw surylghv d
vlpsoh udwlrqdoh iru wkh qrwlrq ri fruuhodwhg htxloleulxp1 Wkh irfxv rq wkh zlghu
vhw ri fruuhodwhg htxloleuld +udwkhu wkdq rq Qdvk htxloleuld, vwhpv qdwxudoo| iurp
frqvlghulqj d yhu| jhqhudo sdwwhuq ri lqwhudfwlrq dprqj sod|huv1 Vxfk jhqhudolw|
ri wkh lqwhudfwlrq vwuxfwxuh frqvwlwxwhv d vhfrqg frqwulexwlrq/ dv lw doorzv wr uhodwh
gl￿huhqw sodxvleoh prghov lq d xql￿hg iudphzrun1 Wklug/ wkh irupxodwlrq ri wkh
prgho doorzv iru d vwudljkw0iruzdug fkdudfwhul}dwlrq ri wkh orqj0uxq surshuwlhv ri dq
xqghuo|lqj vwrfkdvwlf g|qdplfv dqg surylghv d xvhixo wrro iru dqdo|}lqj htxloleulxp
vhohfwlrq lvvxhv iru wkh fodvv ri srwhqwldo jdphv1
Lq sduwlfxodu/ wkh sdshu ghyhorsv d iudphzrun iru wkh dqdo|vlv ri ￿qlwh q0sod|hu
jdphv/ uhfxuuhqwo| sod|hg e| udqgrpo| gudzq q0wxsohv ri sod|huv/ iurp d ￿qlwh srs0
xodwlrq1 Wkh iudphzrun ri wkh lqwhudfwlrq lv h{rjhqrxvo| jlyhq/ lq wkh vhqvh wkdw lw
lv irupdol}hg lq whupv ri d suredelolw| glvwulexwlrq wkdw lv frpprq nqrzohgjh dprqj
sod|huv1 Lw dffrxqwv iru xqlirup udqgrp pdwfklqj +zkhuh hdfk sod|hu lv htxdoo| olnho|
wr eh pdwfkhg zlwk dq| rwkhu +q ￿ 4, sod|huv lq wkh srsxodwlrq, dqg orfdo pdwfk0
lqj +zkhuh hdfk sod|hu*v rssrqhqwv duh udqgrpo| fkrvhq dprqj khu qhljkerxuv, dv
vshfldo fdvhv1 Wkrxjk wkh dqdorj| lv qrw sxuvxhg khuh/ dv qrwhg lq Pruulv +4<<:,/
wkhuh h{lvwv d forvh uhodwlrq ehwzhhq wkh lqwhusuhwdwlrq zh surylgh lq whupv ri orfdo
lqwhudfwlrq dqg wkdw ri d jdph ri lqfrpsohwh lqirupdwlrq1
Vhfwlrq 6 dqdo|}hv wkh uhodwlrq ehwzhhq wkh vhw ri htxloleuld ri wkh djjuhjdwh
jdph +gh￿qhg dv d srsxodwlrq jdph lq Vhfwlrq 5, dqg wkh vhw ri htxloleuld ri wkh
xqghuo|lqj jdph/ l1h1 wkh jdph wkdw rqfh pdwfkhg/ sod|huv sod|1 Lw lv vkrzq wkdw
wkh lghqwl￿fdwlrq ri wkh iruphu lq whupv ri uhsolfdwhg yhuvlrq ri wkh odwwhu/ grhv qrw
qhfhvvdulo| krog/ dv fkrlfhv pd| eh fruuhodwhg gxh wr wkh sdwwhuq ri lqwhudfwlrqv1
Wkh Vhfwlrq exlogv xsrq wkh uhvxowv ri Pdlodwk/ Vdpxhovrq dqg Vkdnhg +4<<:,1 E|
frqvwuxfwlqj d uhsolfd jdph/ lw lv vkrzq wkdw li pdwfklqj lv xqlirup/ wkhq dq| ri wkh
uhvxowlqj fruuhodwhg htxloleuld fruuhvsrqgv wr d Qdvk htxloleulxp1 Lq wkh prgho/ wkh
udqgrp pdwfklqj pd| surylgh d fruuhodwlrq +ru frqyh{l￿fdwlrq, ghylfh/ wkdw dfwv lq
dq dqdorj zd| dv sdvw sod| grhv lq Kduw dqg Pdv0Frohoo +4<<:,/ wkrxjk wkh dqdorj|
ehwzhhq wkh wzr sdshuv vwrsv khuh1
Lq Vhfwlrq 7/ zh irupdol}h d fodvv ri ohduqlqj prghov dv p|rslf ehvw0uhso| eh0
kdylrxu1 Wkh g|qdplfv uho| xsrq wkh dvvxpswlrq wkdw sod|huv krog vwdwlf h{shfwd0
7wlrqv rq wkh hqylurqphqw wkh| duh fdoohg wr lqwhudfw lq/ dqg/ zkhqhyhu wkh| duh deoh wr
dgmxvw wkhlu vwudwhjlhv/ wkh| dfw vr dv wr pd{lpl}h wkhlu h{shfwhg sd|r￿1 Lq d iudph0
zrun wkdw irfxvhv rq wkh hyroxwlrq ri sod| ryhu wlph/ wkhvh g|qdplfv duh sduwlfxoduo|
dsshdolqj lq wkdw/ zkhqhyhu wkh hqylurqphqw lv vwdwlrqdu|/ sod|huv* ehkdylrxu lv rs0
wlpdo1 Zh vkrz wkdw li wkh xqghuo|lqj jdph lv d srwhqwldo jdph +urxjko| vshdnlqj/ d
jdph zkhuh sod|huv ehkdyh dv li wkh| kdg lghqwlfdo sd|r￿ ixqfwlrqv,/ wkh srsxodwlrq
jdph/ sod|hg xqghu dq| duelwudu| pdwfklqj/ dovr frqyhujhv wr dq devruelqj vwdwh1
Dv wkh srwhqwldo ixqfwlrq zh xvh lv wkh dyhudjh h{shfwhg sd|r￿ lq wkh srsxodwlrq/
wkh uhvxow +vwdwhg lq Wkhruhp 6, lv hvvhqwldoo| d jhqhudol}dwlrq ri wkh ixqgdphqwdo
wkhruhp ri qdwxudo vhohfwlrq/ wr d ￿qlwh srsxodwlrq 0 ￿qlwh jdph vhwwlqj1 Khqfh/ zh
duh deoh wr fkdudfwhul}h fruuhodwhg htxloleuld ri wkh xqghuo|lqj jdph dv ehlqj orfdo
pd{lpl}huv ri wkh srwhqwldo1 Wkh uhvxow zh rewdlq khuh lv uhodwhg wr Qh|pdq +4<<:,/
wkrxjk zh gr qrw qhhg dq| vshfl￿f dvvxpswlrq ri frqyh{lw|1
Lq Vhfwlrq 8/ zh wdnh wkh ylhz wkdw hujrglflw| surshuwlhv ri wkh surfhvv pdnh lw
d jrrg suhglfwru ri wkh orqj uxq ehkdylrxu ri wkh srsxodwlrq jdph1 Wr wklv dlp
zh dqdo|}h shuwxuehg ehvw0uhso| g|qdplfv/ zkhuh sod|huv dgrsw d p|rslf ehvw0uhso|
wr wkh suhylrxv shulrg vwdwh ri wkh v|vwhp zlwk kljk suredelolw|/ exw zlwk vrph
vpdoo/ wkrxjk srvlwlyh/ suredelolw| wkh| gr vrphwklqj hovh lqvwhdg1 Vshfl￿fdoo|/ zh
dvvxph wkdw plvwdnhv duh sd|r￿ ghshqghqw/ lq wkdw wkh suredelolw| zlwk zklfk dq| ri
wkh dydlodeoh dfwlrqv lv dgrswhg ghshqgv rq wkh h{shfwhg sd|r￿ dfklhydeoh zlwk wkdw
vshfl￿f dfwlrq1 Iru wkh vdph fodvv ri jdphv iru zklfk zh duh deoh wr suryh frqyhujhqfh
lq Vhfwlrq 7/ zh vkrz wkdw wkh suredelolw| zlwk zklfk hdfk vwdwh lv revhuyhg lq wkh
olplw lv d ixqfwlrq ri wkh dyhudjh h{shfwhg sd|r￿ lq wkh srsxodwlrq/ lq wkdw vwdwh1 Wklv
doorzv xv wr dgguhvv htxloleulxp vhohfwlrq lvvxhv ryhu wkh vhw ri fruuhodwhg htxloleuld
ri wkh xqghuo|lqj jdph1 Wkrxjk whfkqlfdoo| ohvv ghpdqglqj/ wkh uhvxow jhqhudol}hv
wkh prgho ri Eoxph +4<<6, wr d ￿qlwh srsxodwlrq 0 q0sod|hu jdph/ zkhuh lqwhudfwlrq
lv qrw qhfhvvdulo| uhvwulfwhg wr eh rq d odwwlfh1
5 Wkh Prgho
Dv lw zloo ehfrph dssduhqw lq zkdw iroorzv/ wkh olqh zh wdnh lq wkh irupdol}dwlrq lv
wr nhhs wkh prgho dv vlpsoh dv srvvleoh/ wkrxjk jhqhudolw| lv dfklhyhg dw wkh frvw ri
8dw wlphv khdy| qrwdwlrq1 Wkh prgho frqvlvwv ri wkuhh nh| lqjuhglhqwv= d vshfl￿fdwlrq
ri wkh lqwhudfwlyh vhwwlqj/ d gh￿qlwlrq ri d qrwlrq ri htxloleulxp lq wklv vhwwlqj dqg d
fkdudfwhul}dwlrq ri d g|qdplf ohduqlqj surfhvv wkurxjk zklfk djhqwv fdq srwhqwldoo|
ohduq wr sod| wkh htxloleulxp/ e| lqwhudfwlqj uhshdwhgo| ryhu wlph1 Zh dgguhvv wkhvh
lvvxhv lq h{dfwo| wklv rughu1
514 Wkh jdph=
Ohw ￿ eh d ￿qlwh vhw> ￿ eh d suredelolw| phdvxuh gh￿qhg ryhu vxevhwv ri hohphqwv
ri ￿/d q gJ eh d qrupdo irup jdph1 Zh wdnh ￿ wr uhsuhvhqw wkh vhw ri sod|huv/ ￿
wr irupdol}h wkh suredelolw| zlwk zklfk sod|huv duh pdwfkhg dqg J wr eh wkh jdph
wkdw/ rqfh pdwfkhg/ sod|huv sod|1 D srsxodwlrq jdph lv vlpso| gh￿qhg e| wkhvh wkuhh
hohphqwv=
Gh￿qlwlrq 4 +Srsxodwlrq Jdph, Jlyhq d srsxodwlrq ri sod|huv ￿/ d udqgrp pdwfk0
lqj whfkqrorj| ￿/ dqg dq xqghuo|lqj jdph J> wkh wulsoh ￿@+￿>J>￿, gh￿qhv d srs0
xodwlrq jdph li ￿>￿dqg J vdwlvi|￿=
41 5 ￿ ‘￿@Q?4=
51 Iru 5 ￿ q ￿ Q/ ￿ lv gh￿qhg ryhu S @ i+$￿>$2>=====>$?, = $￿ 5 ￿j dqg lv vxfk
wkdw iru doo $￿ lq ￿/ ￿+$￿, @
S
3￿￿+$￿>$3￿, A 3>
61 J @ +iD￿j?
￿’￿>i￿￿j?
￿’￿, lv dq q sod|hu0qrupdo irup jdph/ zlwk dfwlrq vsdfhv
iD￿j?
￿’￿dqg sd|r￿ ixqfwlrqv i￿￿j?
￿’￿ =
? T
￿’￿
D￿ $?uhvshfwlyho|1
Zh uhihu wr ￿ dv wkh udqgrp pdwfklqj dprqj sod|huv/ dqg zh dvvxph wklv lv
h{rjhqrxvo| jlyhq wr sod|huv/ lq wkh vhqvh wkdw ￿ lv frpprq nqrzohgjh dprqj sod|huv1
Wkh jhqhudo vshfl￿fdwlrq ri wkh pdwfklqj wkdw zh dgrsw hqfrpsdvvhv vwdqgdug
irupdol}dwlrqv ri wkh lqwhudfwlrq sdwwhuq xvhg lq wkh uhfhqw olwhudwxuh rq udqgrp
pdwfklqj prghov/ wkrxjk lw lv e| qr phdqv olplwhg wr wkrvh1 Lq rughu wr vhh wklv/ ohw
xv ghqrwh wkh vxssruw ri ￿ e| V> dqg vwdwh wkh iroorzlqj=
Gh￿qlwlrq 5 +Xqlirup Pdwfklqj, Pdwfklqj lv xqlirup li ; +$￿>$2>=====>$?, lq
V> ￿+$￿>$2>=====>$?, @ +‘V,3￿=
9Li V @ S/ zh vkdoo ghqrwh ￿ dv ￿L dqg uhihu wr lw dv xqlirup srsxodwlrq pdwfklqj1
Li V ￿ S/ zh vkdoo ghqrwh ￿ dv ￿u dqg uhihu wr lw dv xqlirup orfdo pdwfklqj1
Lq sduwlfxodu ￿L fkdudfwhul}hv d prgho/ frpprqo| uhihuuhg wr lq wkh olwhudwxuh dv
d udqgrp pdwfklqj prgho/ zkhuh hdfk sod|hu lv htxdoo| olnho| wr eh pdwfkhg zlwk dq|
vxevhw ri +q￿4, sod|huv lq wkh srsxodwlrq1 ￿u lqvwhdg irupdol}hv wkh lghd wkdw wkh vhw
ri srwhqwldo rssrqhqwv iru sod|hu $ ghshqgv rq $ lwvhoi/ dqg sod|hu $ lv htxdoo| olnho|
wr phhw dq| sod|hu zlwklq wkdw vhw1 Vlqfh rqh srvvleoh zd| wr glvwlqjxlvk sod|hu $￿
iurp sod|hu $2 lq wkh srsxodwlrq lv wr surylgh hdfk sod|hu zlwk dq ￿lghqwlw|￿ lq whupv
ri d vshfl￿f orfdwlrq rq dq dssursuldwho| fkdudfwhul}hg vsdfh ￿/ wklv irupdol}dwlrq
kdv riwhq ehhq xvhg lq wkh uhfhqw olwhudwxuh +iru h{dpsoh lq Hoolvrq +4<<6, dqg +4<<8,/
Eoxph +4<<6,/ Dqghuolql dqg Ldqql +4<<9d dqg 4<<9e,/ Pruulv +4<<9,/ Ho| +4<<9, dqg
rwkhuv,1 Xqolnh lq prvw ri wkhvh frqwulexwlrqv/ wkh uhvxowv zh rewdlq khuh gr qrw
w|slfdoo| ghshqg rq dq| sduwlfxodu wrsrorjlfdo fkdudfwhul}dwlrq ri wkh vhw ￿=
Lq jhqhudo/ dq xqghuo|lqj jdph uhtxluhv wkh dvvljqphqw ri d uroh wr hdfk ri wkh
sod|huv zkr wdnh sduw lq wkh lqwhudfwlrq1 Lq rxu vhwwlqj/ d udqgrp pdwfklqj wkdw kdv
wklv surshuw| vdwlv￿hv wkh iroorzlqj Gh￿qlwlrq=
Gh￿qlwlrq 6 +Uroh lghqwl￿fdwlrq, Pdwfklqj dvvljqv urohv wr sod|huv li ￿ sduwl0
wlrqv ￿ lq i￿￿j?
￿’￿/ l1h1 ￿+$￿>======>$?, A 3 rqo| li/ iru doo l @4 >5>====>q/h d f k
$￿ 5 ￿￿=
Zh zloo frqyhqwlrqdoo| dvvxph wkdw li wkh deryh gh￿qlwlrq krogv/ wkhq doo $*v lq
￿￿ zkr wdnh sduw lq wkh lqwhudfwlrq zloo sod| uroh l lq J +l1h1 wkh| zloo kdyh vhw ri
dfwlrqv D￿ dqg sd|r￿ ixqfwlrq ￿￿,21
Lq wkh h{dpsohv/ zh zloo ￿qg lw frqyhqlhqw wr uhsuhvhqw ￿ lq whupv ri d judsk/
J+￿>H,/ zkhuh H lv wkh vhw ri hgjhv frqqhfwlqj dq| q0wxsoh ri hohphqwv ri ￿ wr zklfk
￿ dvvljqv srvlwlyh suredelolw|1
515 Htxloleuld
Dv J lv d qrupdo irup jdph/ dfwlrq vsdfhv duh ￿qlwh1 Ohw D/ eh wkh vhw ri dfwlrqv
dydlodeoh wr sod|hu $ lq J dqg ohw dq| d/￿i d￿
/>d 2
/>￿￿￿ >d y￿/
/ j vxfk wkdw d￿
/ ￿ 3
dqg
S
￿’￿cuuucy￿/ d￿
/ @4ghqrwh dq| pl{hg vwudwhj| dgrswhg e| sod|hu $1 Zh wklqn
:ri d sxuh vwudwhj| dv d ghjhqhudwh suredelolw| glvwulexwlrq dqg zh ghqrwh lw e| d/
+ru d/￿ li zh zdqw wr vshfli| wkdw d￿
/ @4 ,= Sod|hu $*v rssrqhqwv duh ghqrwhg e|
￿$ dqg duh fkrvhq dw udqgrp/ dprqj wkrvh sod|huv iru zklfk ￿+$>￿$, A 3= Li ￿/
ghqrwhv $*v sd|r￿ ixqfwlrq lq J/ $*v h{shfwhg sd|r￿ iurp fkrrvlqj d/ lv ghqrwhg
e| H>^￿/+d/>d3/, m ￿‘1 Vwudwhj| dW
/ pd{lpl}hv $*v h{shfwhg sd|r￿/ li dqg rqo| li
dW
/ 5 Duj pd{@/ H>^￿/+d/>d3/, m ￿‘=
Lq wkh srsxodwlrq/ d pl{hg +yv1 sxuh, vwudwhj| sur￿oh d 5
T
/ d/ +yv1 d 5
T
/ d/,
dvvrfldwhv d pl{hg +yv1 sxuh, vwudwhj| d/ +yv1 d/, wr hdfk sod|hu $ 5 ￿1 D vxevhw ri
wkh vhw ri doo sur￿ohv duh wkh htxloleulxp sur￿ohv ri wkh srsxodwlrq jdph ￿/ gh￿qhg
dv iroorzv=
Gh￿qlwlrq 7 +Htxloleuld ri ￿, Jlyhq d srsxodwlrq jdph ￿/ ￿+￿, ￿
T
/ d/ lv wkh
vhw ri lwv htxloleulxp sur￿ohv1 Hdfk hohphqw dW 5 ￿+￿, lv vxfk wkdw dW ￿
T
/ dW
//
zkhuh dW
/ 5 Dujpd{@/ H>^￿/+d/>d3/, m ￿‘ iru doo $1
￿+￿, ￿ ￿+￿, lv wkh vhw ri vwulfw￿ htxloleulxp sur￿ohv ri ￿1 Hdfk hohphqw dW 5 ￿+￿,
lv vxfk wkdw dW @
T
/ dW
/> zkhuh dW
/ @ Dujpd{@/ H>^￿/+d/>d3/, m ￿‘ iru doo $ 5 ￿1
Zh qrwh dw wklv srlqw wkdw wkh deryh gh￿qlwlrq ri htxloleulxp uhplqgv ri wkdw ri
d Ed|hvldq Qdvk htxloleulxp lq d jdph ri lqfrpsohwh lqirupdwlrq1 Wkrxjk lw zloo
qrw eh sxuvxhg khuh/ wkh dqdorj| lv qrw d phuh frlqflghqfh1 Lq Dqghuolql dqg Ldqql
+4<<9d, vxfk lqwhusuhwdwlrq zdv xvhg wr dqdo|}h d prgho zkhuh lqwhudfwlrq wdnhv sodfh
rq d odwwlfh ri Yrq Qhxpdqq0Prujhvwhuq qhljkerxukrrgv dqg sod|huv uhshdwhgo| sod|
d 50e|05 frruglqdwlrq jdph1 Pruulv +4<<:, surylghv d fduhixo jhqhudo fkdudfwhul}dwlrq
ri wklv dqdorj|/ wkdw klqjhv xsrq wkh irupdol}dwlrq ri wkh sdwwhuq ri lqwhudfwlrq dprqj
sod|huv1
516 Ohduqlqj Surfhvvhv
Wkh ehkdylrxudo dvvxpswlrq xqghuo|lqj wkh ohduqlqj prgho zh dqdo|}h lv wkdw hdfk
sod|hu dlpv dw pd{lpl}lqj khu h{shfwhg sd|r￿1 H{shfwdwlrqv dv wr srwhqwldo rssr0
qhqwv* ehkdylrxu duh dgdswlyh1 Wklv lv prwlydwhg e| wkh lghd wkdw ixwxuh sod| zloo
qrw eh gl￿huhqw iurp zkdw zdv revhuyhg lq wkh uhfhqw sdvw1 Lq wkh mdujrq ri wkh uh0
fhqw olwhudwxuh rq ohduqlqj/ wkh g|qdplf surfhvvhv zh vkdoo vwxg| duh wkrvh ri p|rslf
ehvw0uhso| dqg d qrlv| yhuvlrq ri lw1
;Wlph lv glvfuhwh1 Zh vkdoo dvvxph wkdw/ dw hdfk wlph w rqo| rqh q0wxsoh ri sod|huv
dfwxdoo| sod| wkh jdph +wkrxjk/ e| dvvxpswlrq/ doo sod|huv kdyh d vwulfwo| srvlwlyh
suredelolw| wr wdnh sduw lq wkh lqwhudfwlrqe,1 Wkh odwwhu zloo lqyroyh sod|huv +$￿>===>$?,
zlwk suredelolw| ￿+$￿>===>$?,= Ehiruh wkh udqgrp gudz wdnhv sodfh/ hdfk sod|hu $ kdv
fkrvhq dq dfwlrq iurp wkh vhw D/> e| dsshdolqj wr d uxoh1 Zlwklq wkh vdph prgho/ doo
sod|huv dsshdo wr wkh vdph uxoh/ zklfk lv vlpso| d pdsslqj iurp ￿zkdw vkh nqrzv￿
wr ￿zkdw vkh zrxog gr/ zhuh vkh fkrvhq wr sod|￿ dqg wdnhv wkh irup ri d suredelolw|
glvwulexwlrq ryhu wkh dfwlrq vsdfh1 Zh vkdoo ghvfuleh gl￿huhqw uxohv ehorz1
Dw wkh ehjlqqlqj ri wlph/ qdwxuh dvvljqv dq dfwlrq wr hdfk sod|hu1 Wkh ￿uvw
lqwhudfwlrq wdnhv sodfh dw wlph }hur1 Ehwzhhq wlph }hur dqg wlph rqh/ rqo| rqh
sod|hu/ fkrvhq dw udqgrp lq wkh srsxodwlrq/ uhfhlyhv dq xsgdwlqj rssruwxqlw|>w k h
odwwhu frqvlvwv ri wkh srvvlelolw| wr fkdqjh wkh ruljlqdo dfwlrq dffruglqj wr wkh uxoh1
Wkhq wlph rqh*v lqwhudfwlrq wdnhv sodfh1 Dv wlph uroov e|/ wkh deryh vwru| lv uhshdwhg
zlwk h{dfwo| wkh vdph wlplqj1 Dv wzr sod|huv wkdw frqvhfxwlyho| xsgdwh wkhlu dfwlrqv
kdyh lqirupdwlrq vhwv wkdw gl￿hu e| wkh dfwlrq ri dw prvw rqh sod|hu/ zh eholhyh wkdw
wklv vshfl￿fdwlrq lv pruh olnho| wkdq rwkhuv wr fdswxuh wkh lqkhuhqw vwrfkdvwlf qdwxuh
ri lqirupdwlrq jdwkhulqjD1
Wkh vshfl￿fdwlrq ri wkh ehkdylrxudo uxohv dqg ri wkh doorfdwlrq ri xsgdwlqj rs0
sruwxqlwlhv/ frpsohwho| gh￿qhv d vwrfkdvwlf surfhvv ryhu
T
/ d/1 Zh zloo uhihu wr ￿ dv
wkh surfhvv wkdw jryhuqv wkh g|qdplfv xqghu p|rslf ehvw uhso|/ wr ￿j dv wkh surfhvv
xqghu qrlv| ehvw uhso|/ dqg zh vkdoo ghqrwh e| S+d￿ m d, dqg Sj+d￿ m d, wkh suredelolw|
zlwk zklfk wkh v|vwhp wudqvlwv iurp d wr d￿ xqghu wkh wzr surfhvvhv uhvshfwlyho|1
51614 Ehkdylrudo Uxohv
Dv h{shfwdwlrqv duh dgdswlyh/ zh qhhg wr h{solflwo| dffrxqw iru d g|qdplf hohphqw
lq wkh vshfl￿fdwlrq ri wkh ehkdylrxudo uxohv zh srvwxodwh1 Zh dvvxph wkdw dw wkh
ehjlqqlqj ri shulrg w/ doo sod|huv duh lqiruphg derxw wkh frq￿jxudwlrq ri dfwlrqv lq
wkh srsxodwlrq dw shulrg w￿ 4 +qdpho| d|3￿,=
PEU= Wkh ￿uvw ehkdylrudo uxoh zh dqdo|}h lv nqrzq dv wkh p|rslf ehvw0uhso|= sod|huv
krog vwdwlf h{shfwdwlrqv derxw wkhlu rssrqhqwv* ehkdylru dqg/ zkhqhyhu wkh|
kdyh wkh rssruwxqlw| wr gr vr/ wkh| fkrrvh wkh dfwlrq wkdw pd{lpl}hv wkhlu
<h{shfwhg sd|r￿1 Dv d uhvxow/ li lw lv sod|hu $*v wxuq wr xsgdwh/ vkh zloo fkrrvh
dq dfwlrq vxfk wkdw=
d|
/ 5 Dujpd{
@/
H>^￿/+d/>d |3￿
3/ , m ￿‘
QEU= Wkh vhfrqg ehkdylrudo uxoh zh dqdo|}h lv edvhg rq wkh lghd wkdw wkh suredelolw|
zlwk zklfk d sod|hu dgrswv hdfk dfwlrq dydlodeoh wr khu ghshqgv rq wkh h{shfwhg
sd|r￿ wr wkdw dfwlrq1 Wr wklv dlp/ zh dvvxph wkdw/ li lw lv sod|hu $*v xsgdwlqj
wxuq/ vkh zloo fkrrvh dq dfwlrq vxfk wkdw=
d|
/ ￿i d￿|
/ @
h{s^ ￿H>^￿/+d/￿>d |3￿
3/ , m ￿‘‘
S
￿M￿/ h{s^￿H >^￿/+d/￿>d |3￿
3/ , m ￿‘‘
>l@4 >===>‘D/j +4,
zkhuh ￿ ￿ 3 lv d sdudphwhu1 Wkh uxoh lv qrw phdqw wr prgho dq| vshfl￿f
ehkdylrxudo dvvxpswlrq/ exw lqvwhdg irupdol}hv wkh lghd wkdw wkh udwlr ehwzhhq
wkh +orjdulwkp ri wkh, suredelolwlhv zlwk zklfk d sod|hu fkrrvhv dq| wzr dfwlrqv
lv sursruwlrqdo wr wkh gl￿huhqfh lq wkh h{shfwhg sd|r￿S1 Li zh duh wr prwlydwh
suredelolvwlf ehkdylrxu lq whupv ri plvwdnhv/ wkh deryh uxoh srvwxodwhv wkdw wkh
suredelolw| zlwk zklfk vxfk plvwdnhv rffxu lv sd|r￿0ghshqghqw/ lq wkdw yhu|
frvwo| plvwdnhv duh ohvv olnho| wr rffxu wkdq uhodwlyho| ohvv frvwo| plvwdnhv1
6 Fkdudfwhul}dwlrq ri Htxloleuld
Wkh ￿uvw remhfwlyh zh kdyh lv wr fkdudfwhul}h wkh vhw ri htxloleuld ri wkh srsxodwlrq
jdph ￿ lq whupv ri wkh vhw ri htxloleuld ri wkh xqghuo|lqj jdph J1 Ehlqj ￿qlwh/
J dgplwv dw ohdvw rqh Qdvk0htxloleulxp lq sxuh ru lq pl{hg vwudwhjlhv1 Lq jhqhudo/
zh vkdoo ghqrwh e| Q+J, wkh vhw ri Qdvk0htxloleuld ri J dqg e| ￿+J,> wkh vhw ri
fruuhodwhg htxloleuld ri J/ dv lqwurgxfhg lq Dxpdqq +4<:7,1
Lq rughu wr orrn dw d udqgrp pdwfklqj prgho zkhuh rqo| d vxevhw ri lqglylgxdov duh
gudzq wr sod| wkh xqghuo|lqj jdph/ zh ￿uvw exlog rq wkh ￿pdvv dfwlrq￿ lqwhusuhwdwlrq
yhuedoo| ghvfulehg e| Mrkq Qdvk klpvhoi dqg eruurz wkh whuplqrorj| xvhg hovhzkhuh
lq wkh olwhudwxuh1 Wklv lv grqh e| frqvwuxfwlqj d uhsolfd jdph iru wkh xqghuo|lqj
jdph J1 D uhsolfd jdph lv frqvwuxfwhg iurp J/ e| uhsolfdwlqj vd| 5 ￿ p @ Q@q
djhqwv zlwk h{dfwo| lghqwlfdo suhihuhqfhv/ iru hdfk uroh l lq J1 Zh wkhq dvvxph wkdw
wkh q sod|huv zkr duh jrlqj wr sod| J/ duh gudzq dw udqgrp/ hdfk ri wkh p uhsolfdv
43ri l kdylqj htxdo suredelolw|1 Zlwklq rxu prgho hdfk p0uhsolfd ri J lv rewdlqhg dv
iroorzv=
Gh￿qlwlrq 8 +Uhsolfd ri J, ￿6 @ +￿>￿ ->J, lv dq p0uhsolfd ri J li ￿ ￿ ￿- lv
vxfk wkdw d, lw vdwlv￿hv Gh￿qlwlrq 6/ zlwk ‘￿￿ @ p iru doo l @4 >5>====>q> dqg e, lw
vdwlv￿hv Gh￿qlwlrq 5 dqg lw kdv ixoo vxssruw1
Frqglwlrq d, uhtxluhv wkh pdwfklqj wr gh￿qh dq q0sduwlwlrq ri wkh vhw ￿ ru/ htxly0
dohqwo|/ wr jhqhudwh dq q0sduwlwh judsk1 Frqglwlrq e, uhtxluhv wkh suredelolw| glvwul0
exwlrq wkdw gh￿qhv wkh pdwfklqj wr eh xqlirup/ l1h1 ￿-+$￿>======>$?, @ +p,3? iru doo
+$￿>======>$?, lq wkh vxssruw ri ￿-1 Khqfh urohv duh nqrzq wr sod|huv/ zkloh rssrqhqwv
duh xqfhuwdlq dqg udqgrpo| fkrvhq lq wkh srsxodwlrq1
Wkh lghd ehklqg wkh uhsolfd jdph lv wkdw hdfk ri wkh urohv l dydlodeoh lq J lv
sod|hg e| dq lqglylgxdo fkrvhq dw udqgrp dprqj doo sod|huv lq ￿￿1 Lw lv fohdu wkdw iru
p @4wkh uhsolfd jdph ￿ frlqflghv zlwk J= Gh￿qlwlrq 7 zrxog fkdudfwhul}h wkh vhw
ri Qdvk0htxloleuld dqg wkh vxevhw ri vwulfw Qdvk0htxloleuld uhvshfwlyho|1 Lw lv qdwxudo
dw wklv srlqw wr dvn zkhwkhu wklv lv dovr wuxh iru dq| p0uhsolfd +pA4,/ dqg zkhwkhu
wkh uhodwlrq zrxog krog li zh uhod{hg frqglwlrqv d, dqg2ru e,1
Lq rughu wr dgguhvv wkhvh txhvwlrqv zh qhhg vrph ixuwkhu qrwdwlrq wr uhodwh wkh vhw
ri htxloleuld ri wkh srsxodwlrq jdph/ suhylrxvo| gh￿qhg lq whupv ri dfwlrq sur￿ohv lq
wkh srsxodwlrq/ wr suredelolw| glvwulexwlrqv ryhu vhwv ri dfwlrqv/ ru Fduwhvldq surgxfwv
ri wkhp1 Zh surfhhg dv iroorzv1 Iluvw qrwh wkdw d jhqhulf sur￿oh/ d 5
T
/ d//
lqgxfhv d sduwlwlrq ri wkh vhw ri q0wxsohv ri sod|huv dffruglqj wr wkh dfwlrqv wkdw
duh fkrvhq lq d1 Ohw xv ghqrwh wkh uhvwulfwlrq ri ￿ ryhu wklv sduwlwlrq ￿@+
T
￿D￿,1
E| frqvwuxfwlrq/ wklv lv d suredelolw| glvwulexwlrq ryhu wkh Fduwhvldq surgxfw ri wkh
dfwlrq vsdfh= dq| ￿+l￿>l 2>=====l?, lv wkh iuhtxhqf| zlwk zklfk dq rxwvlgh revhuyhu
zrxog revhuyh +ru udwkhu iruhvhh/ li pl{hg vwudwhjlhv duh fkrvhq, wkh frpelqdwlrq ri
dfwlrqv +l￿ 5 D￿>l 2 5 D2>=====l? 5 D?,> li wkh dfwlrq sur￿oh lq wkh srsxodwlrq zdv
d dqg pdwfklqj zdv gh￿qhg e| ￿1 Ohw xv ghqrwh e| ￿@+D￿, iru l @4 >5>====>q lwv
fruuhvsrqglqj pdujlqdov +iru h{dpsoh ￿+l￿, @
S
￿2M￿2 ====
S
￿?M￿? ￿+l￿>l 2>=====l?,,1
Wkhq wkh iroorzlqj krogv=
Sursrvlwlrq 4 Ohw ￿6 @ +￿>￿ ->J, eh dq p0uhsolfd ri J1 Wkhq iru doo dW 5 ￿+￿6,/
￿@+D￿, 5 Q+J,1
44Surri1 Vhh Dsshqgl{1
Uhod{lqj frqglwlrq d, lq wkh Gh￿qlwlrq 8 ohdgv wr d uhpdun derxw wkh frqvlvwhqf|
ri wkh lqwhusuhwdwlrq ri wkh prgho1
Vxssrvh ￿ lv xqlirup dqg kdv ixoo vxssruw ryhu S/ exw grhv qrw dvvljq urohv wr
sod|huv +wklv lv wkh fdvh li Gh￿qlwlrq 5 krogv/ exw Gh￿qlwlrq 6 grhv qrw,1 Wkhq urohv
lq wkh xqghuo|lqj jdph/ dv zhoo dv rssrqhqwv lq wkh lqwhudfwlrq duh xqfhuwdlq wr
hdfk sod|hu1 Li pdwfklqj lv xqlirup/ rqh sodxvleoh lqwhusuhwdwlrq lv wkdw dq| sod|hu
lv htxdoo| olnho| wr sod| dq| ri wkh urohv dydlodeoh lq J1 Li dfwlrqv duh fkrvhq h{0
dqwh/ l1h1 ehiruh sod|lqj wkh jdph/ d frqvlvwhqw vshfl￿fdwlrq uhtxluhv doo dfwlrq vsdfhv
wr frqvlvw ri h{dfwo| wkh vdph odehohg hohphqwv1 Lq wklv fdvh/ krzhyhu/ wkh uhodwlrq
ehwzhhq wkh vhw ri htxloleuld ri wkh srsxodwlrq jdph/ ￿/ dqg wkh xqghuo|lqj jdph/ J>
lv qrw reylrxv.1 Qrz vxssrvh lqvwhdg wkdw/ ehiruh wkh lqwhudfwlrq wdnhv sodfh/ hdfk
sod|hu fdq fkrrvh d vwudwhj| wkdw frqvlvwv ri wkh fkrlfh ri dq dfwlrq iru hdfk ri wkh
srvvleoh urohv wkdw frxog eh dvvljqhg wr khu lq wkh lqwhudfwlrq +lq rwkhu zrugv/ vxssrvh
wkdw vxfk vwudwhjlhv fdq eh pdgh frqglwlrqdo rq ixwxuh urohv,1 Wkhq wkh htxloleuld ri
wkh srsxodwlrq jdph dv lq Gh￿qlwlrq 7 fdq eh lqwhusuhwhg lq dq dg lqwhulp vhqvh/ l1h1
diwhu wkh xqfhuwdlqw| derxw urohv uhvroyhv dqg rqo| wkh xqfhuwdlqw| derxw rssrqhqwv
kdv wr eh dffrxqwhg iru1 Wkh fodvv ri jdphv iru zklfk wklv glvwlqfwlrq grhv qrw
pdwwhu lv wkh fodvv ri v|pphwulf jdphv/ l1h1 jdphv iru zklfk wkh sd|r￿ ixqfwlrqv duh
lqghshqghqw ri wkh urohvH1
Zh qrz irfxv rq wkh lpsolfdwlrqv ri frqglwlrq e, xvhg lq Gh￿qlwlrq 8/ dqg vkrz
wkdw wkh fkdudfwhul}dwlrq ri wkh vhw ri htxloleuld ri ￿ lq whupv ri uhsolfdwhg yhuvlrq
ri wkh Qdvk htxloleuld ri J grhv qrw qhfhvvdulo| krog li pdwfklqj lv qrw xqlirup1
Wklv sduwlfxodu ihdwxuh ri orfdo udqgrp pdwfklqj prghov zdv ￿uvw qrwhg lq Pdlodwk/
Vkdnhg dqg Vdpxhovrq +4<<:,/ zkhuh wkh dxwkruv fkdudfwhul}h wkh vhw ri htxloleuld
ri d prgho irupdol}hg lq whupv ri d qxpehu ri ￿qlwh srsxodwlrqv ri sod|huv/ rqh iru
hdfk ri wkh urohv ri dq xqghuo|lqj qrupdo irup jdph/ udqgrpo| jurxshg lq ￿fdvwv￿
wr sod| rqh vkrw ri wkh xqghuo|lqj jdph1 Lw lv qrw gl!fxow wr vhh wkdw vxfk d prgho
lv dqdorj wr zkdw zh suhylrxvo| gh￿qhg dv dq p0uhsolfd ri J lq doo uhvshfwv/ dsduw
iurp frqglwlrq e,/ vlqfh pdwfklqj lv qrw qhfhvvdulo| xqlirup1 Wkh dxwkruv vkrz l,
wkdw hdfk htxloleulxp ri wkh prgho gh￿qhv d fruuhodwhg htxloleulxp ri wkh xqghuo|lqj
jdph/ dqg ll, wkdw iru dq| fruuhodwhg htxloleulxp ri dq xqghuo|lqj jdph rqh fdq gh0
45vljq dq lqwhudfwlrq phfkdqlvp wkdw uhsurgxfhv wkdw htxloleulxp lq whupv ri revhuyhg
iuhtxhqflhv ryhu wkh Fduwhvldq surgxfw ri wkh dfwlrq vsdfhv1 Wkh Sursrvlwlrq wkdw
iroorzv exlogv xsrq wkhlu uhvxow1
Sursrvlwlrq 5 +Pdlodwk/ Vdpxohvrq/ Vkdnhg +4<<:,, Ohw ￿@+￿>￿>J,=
Li ￿ vdwlv￿hv Gh￿qlwlrq 6/ wkhq l, iru dq| dW 5 ￿+￿,/ ￿@+
T
￿ D￿, 5 ￿+J, dqg ll,
iru dq| # 5 ￿+J, wkhuh h{lvwv dq d dqg d ￿ vxfk wkdw ￿@+
T
￿ D￿, @ #1
Surri1 Vhh Dsshqgl{1
Dv srlqwhg rxw lq Pdlodwk/ Vdpxhovrq dqg Vkdnhg +4<<:, dqg lq Ldqql +4<<:,/ li
pdwfklqj grhv qrw dvvljq urohv wr sod|huv +l1h1 li Gh￿qlwlrq 6 lv qrw vdwlv￿hg,/ wkh $￿v
duh h{fkdqjhdeoh lq wkh gh￿qlwlrq ri ￿= Dv d uhvxow ￿@+
T
￿D￿, zloo lwvhoi eh v|pphwulf
+vlqfh/ urxjko| vshdnlqj/ dq| shupxwdwlrq ri wkh q sod|huv zrxog eh revhuydwlrqdoo|
htxlydohqw,/ dqg vr zloo wkh fruuhodwhg htxloleulxpb1 Dv qrw doo fruuhodwhg htxloleuld
duh v|pphwulf/ lq wkh Vhfwlrqv wkdw iroorz zh vkdoo dvvxph wkdw wkh udqgrp pdwfklqj
doorzv iru uroh lghqwl￿fdwlrq dprqj sod|huv/ ru lq rwkhu zrugv/ wkdw Gh￿qlwlrq 6 krogv
wkurxjkrxw1
Wkh pdlq frqfoxvlrq wkdw zh fdq gudz iurp wkh dqdo|vlv vr idu lv wkdw/ lq jhq0
hudo/ wkh vhw ri htxloleuld ri wkh srsxodwlrq jdph pljkw orrn yhu| gl￿huhqw iurp wkh
+uhsolfdwhg yhuvlrq ri wkh, vhw ri htxloleuld ri wkh xqghuo|lqj jdph1 Wklv lv lq jhqhudo
wkh fdvh li hdfk sod|hu lv qrw htxdoo| olnho| wr lqwhudfw zlwk dq| rwkhu sod|hu lq wkh
srsxodwlrq1 Vrph looxvwudwlyh h{dpsohv iroorz1
H{dpsoh 4 Ohw F￿ dqg F￿ eh 50e|05 xqghuo|lqj jdphv zlwk sd|r￿ pdwulfhv jlyhq
e|=
F￿ ￿
5
7 6@5>6@53 >3
3>34 >4
6
8 F￿ ￿
5
7 6>64 >4
3>37 >7
6
8
dqg frqvlghu ￿￿ @ +￿>F ￿>￿, dqg ￿￿ @ +￿>F ￿>￿, zkhuh ‘￿@7dqg ￿ lv vshfl￿hg
dv lq wkh iroorzlqj judskv +yhuwlfhv duh sod|huv/ hgjhv duh hohphqwv lq wkh vxssruw ￿
dqg wkh qxpehu deryh hdfk hgjh lv wkh suredelolw| zlwk zklfk hdfk pdwfklqj rffxuv,1
46D= Xqlirup qhduhvw qhljkerxuv E= Orfdo qhduhvw qhljkerxuv F= Orfdo qhduhvw qhljkerxuv
Wkh vhwwlqj rq wkh ohiw +Iljxuh D, lv d vlpsohu yhuvlrq ri wkh prgho dqdo|}hg
lq Hoolvrq +4<<6,/ zkhuh sod|huv duh orfdwhg rq d flufoh dqg lqwhudfw rqo| zlwk wkhlu
qhduhvw qhljkeruv1 Lw lv qrw gl!fxow wr vhh wkdw/ iru wkh jdph rq wkh ohiw/ wkh rqo|
vwulfw htxloleuld ri ￿￿ duh wkrvh zkhuh hyhu| sod|hu dgrswv h{dfwo| wkh vdph dfwlrq/
l1h1 uhsolfdwhg yhuvlrqv ri wkh vwulfw Qdvk htxloleuld ri wkh xqghuo|lqj jdph1 Dq| frq0
￿jxudwlrq ri sod| zkhuh gl￿huhqw dfwlrqv fr0h{lvw fdqqrw eh vxssruwhg lq htxloleulxp1
Wkh slfwxuh lq wkh plggoh +Iljxuh E, vkrzv zk| wklv dqdorj| grhv qrw krog lq jhqhudo/
dv iru h{dpsoh d frq￿jxudwlrq ri sod| zkhuh ￿ dqg ￿ dgrsw vd| wkh ￿uvw ri wkh wzr
dfwlrqv dydlodeoh/ dqg ￿ dqg ￿ dgrsw wkh rwkhu lv dovr d vwulfw htxloleulxp ri ￿/ wkrxjk
lw grhv qrw fruuhvsrqg wr dq| ri wkh Qdvk htxloleuld ri J1 Dqdorj uhdvrqlqj dssolhv
wr xqghuo|lqj dv|pphwulf jdphv/ vxfk dv F￿/ sod|hg xqghu wkh pdwfklqj sdwwhuq ri
zklfk lq Iljxuh F1 Lw lv qrw gl!fxow wr fkhfn wkdw/ lq wklv odwwhu fdvh/ rqh srvvleoh
vwulfw htxloleulxp ri wkh srsxodwlrq jdph kdv ￿ dqg ￿ sod|lqj wkh Wrs0Ohiw Qdvk
htxloleulxp vwudwhjlhv/ zkloh ￿ dqg ￿ sod| wkh Erwwrp0Uljkw1 Sursrvlwlrq 5 vkrzv wkdw
dq| vxfk htxloleulxp lqgxfhv d fruuhodwhg htxloleulxp ri wkh xqghuo|lqj jdph1 Iru
wkh F￿0Iljxuh E dqg wkh F￿0Iljxuh F jdphv/ wkhvh duh uhvshfwlyho|=
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H{dpsoh 5 Ohw ] eh d 50sod|hu 0 60dfwlrq jdph ri wkh Urfn/ Vflvvruv/ Sdshu nlqg=
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47dqg frqvlghu ￿@+￿>]>￿ u, zkhuh ￿u lv vshfl￿hg dv iroorzv=
Xqlirup Orfdo Pdwfklqj
Wkrxjk wkh xqghuo|lqj jdph ] dgplwv rqo| rqh Qdvk htxloleulxp lq pl{hg vwudwh0
jlhv +wkdw dvvljqv htxdo suredelolw| wr hdfk ri wkh dfwlrqv,/ rqh vwulfw htxloleulxp ri
wkh fruuhvsrqglqj ￿ kdv sod|huv ￿ dqg ￿ sod|lqj U/ sod|huv ￿ dqg % sod|lqj V dqg
sod|huv ￿ dqg ! sod|lqj S/ lqgxflqj wkh iroorzlqj fruuhodwhg htxloleulxp=
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Wkrxjk doo wkh frq￿jxudwlrqv lq wkh deryh H{dpsohv |lhog d vwulfw htxloleulxp ri
wkh fruuhvsrqglqj srsxodwlrq jdph/ zh zloo dujxh lq wkh Vhfwlrqv wkdw iroorz/ wkdw
wkh htxloleuld ri H{dpsoh 4 duh/ lq d zd|/ pruh urexvw wkdq wkdw ri H{dpsoh 51 Lq
rughu wr dgguhvv lvvxhv ri g|qdplf vwdelolw| ri htxloleuld ri wkh srsxodwlrq jdph/ zh
qrz pryh rq wr dqdo|}h wkh ohduqlqj surfhvvhv zh vwxg|1
7 Zloo zh hyhu vhh dq htxloleulxpB
Wkh txhvwlrq zh dgguhvv qh{w lv wkh lqwhusuhwdwlrq ri wkh htxloleuld lq whupv ri wkh
ohduqlqj surfhvv zh h{dplqh1 Zh vkdoo gr vr e| vwxg|lqj wkh htxlydohqfh fodvvhv ri
wkh surfhvv￿f ￿ wkdw/ zh uhfdoo/ udqjhv ryhu
T
/ d/1 Lw vkrxog eh fohdu wkdw/ jlyhq dq
duelwudu| pdwfklqj ￿/ e| ￿oxpslqj￿ wkh surfhvv lq whupv ri wkh iudfwlrqv ri sod|huv lq
wkh srsxodwlrq dgrswlqj hdfk ri wkh dydlodeoh dfwlrqv/ zh zrxog lqhylwdeo| plvv rxw
uhohydqw lqirupdwlrq1 Jlyhq d srsxodwlrq jdph/ ￿/ ohw Hz+￿, eh wkh vhw ri hujrglf
vhwv ri wkh surfhvv xqghu ￿ dqg Dz+￿, ￿ Hz+￿, eh wkh vhw ri devruelqj vwdwhv1 Jlyhq
wkdw wkh vwdwh vsdfh lv ￿qlwh/ zh nqrz wkdw Hz+￿, 9@ >1 Zh dovr nqrz wkdw vwdwh d lv
48devruelqj li dqg rqo| li S+d m d, @4dqg wkhuhiruh/ rqo| wkrvh vwdwhv wkdw duh vwulfw
htxloleuld ri ￿ fdq eh devruelqj +ru lq rwkhu zrugv Dz+￿, @ ￿+￿,,1 Lq rughu wr ixoo|
fkdudfwhul}h wkh surfhvv xqghu PEU g|qdplfv/ zh qhhg wr vkrz wkdw vxfk devruelqj
vwdwhv fdq eh uhdfkhg/ srvvleo| lq ￿qlwh wlph/ e| wkh surfhvv1
Lw lv zhoo nqrzq wkdw PEU g|qdplfv fdq f|foh +l1h1 dgplw hujrglf vhwv gl￿huhqw
iurp devruelqj vwdwhv, ryhu vlpsoh qrupdo irup jdphv/ wkh Urfn0Vflvvruv0Sdshu ehlqj
d ohdglqj h{dpsoh1 Lw lv dovr nqrzq wkdw iru vrph fodvvhv ri qrupdo irup jdphv f|folf
ehkdylrxu fdq eh uxohg rxw li zh duh deoh wr vkrz wkdw wkh jdph dgplwv d srwhqwldo/ l1h1
d uhdo ydoxhg ixqfwlrq wkdw udqjhv ryhu wkh Fduwhvldq surgxfw ri wkh dfwlrq vsdfhv
dqg ehkdyhv prqrwrqlfdoo| dorqj dq| sdwk ri wkh g|qdplfv1 Qrupdo irup jdphv
wkdw h{klelw wklv surshuw| duh gh￿qhg lq Prqghuhu dqg Vkdsoh| +4<<9d,/ dv srwhqwldo
jdphv1 Lq wkdw sdshu wkh dxwkruv h{solflwo| fkdudfwhul}h wklv fodvv ri jdphv e| gh￿qlqj
d vhw ri frqglwlrqv rq wkh uhodwlrq ehwzhhq wkh xqghuo|lqj sd|r￿ ixqfwlrqv/ wkdw duh
vx!flhqw wr jxdudqwhh frqyhujhqfh ri dq| g|qdplfv wkdw pryhv dorqj dq lpsuryhphqw
sdwk1 Lq d srsxodwlrq jdph ri wkh nlqg dqdo|}hg khuh/ dv h{shfwhg sd|r￿v ghshqg
rq wkh sd|r￿v ri wkh xqghuo|lqj jdph/ dv zhoo dv rq dq duelwudu| gh￿qlwlrq ri wkh
pdwfklqj/ fkhfnlqj iru wkrvh frqglwlrqv lv dw ehvw qrw rshudwlyh/ dv lw zrxog lqyroyh
vwxg|lqj ixqfwlrqv gh￿qhg ryhu
T
/ d/ +udwkhu wkdq
T
￿ D￿,1
Wkh orjlf zh iroorz lv wkhq wr frqvwuxfw d wudfwdeoh srwhqwldo ixqfwlrq iru wkh
srsxodwlrq jdph dqg vkrz wkdw frqyhujhqfh wr dq devruelqj vwdwh rewdlqv zkhqhyhu
vxfk srwhqwldo h{lvwv1
Iru hdfk sur￿oh d/z hg h ￿ q hw k hdyhudjh h{shfwhg sd|r￿ shu lqwhudfwlrq e| dj0
juhjdwlqj h{shfwhg sd|r￿ iurp d urxqg/ ryhu doo sod|huv=
￿>+d, @
4
q
[
E/c3/￿
￿/+d/>d3/,￿+$>￿$,
Wklv txdqwlw| fohduo| fkdqjhv/ dv wkh PEU g|qdplfv xqirogv/ dqg lw lv fohdu iurp
wkh frqvwuxfwlrq wkdw ￿>+d, lv uhdo ydoxhg dqg erxqghg ryhu lwv grpdlq1 Lq zkdw
iroorzv/ zh vkdoo vkrz wkdw li wkh xqghuo|lqj jdph J lv d srwhqwldo jdph/ wkdq wklv
ixqfwlrq ehkdyhv prqrwrqlfdoo| dorqj dq| sdwk ri PEU g|qdplfv1
Rqh sureohp zh qhhg wr dgguhvv lv wkh rffxuuhqfh ri wlhv wkdw pljkw pdnh d sod|hu
lqgl￿huhqw ehwzhhq gl￿huhqw dfwlrqv1 Wr wklv dlp/ uhfdoo wkdw/ dv wkh srsxodwlrq lv
￿qlwh/ hdfk sod|hu fdq rqo| vhh d ￿qlwh qxpehu ri glvwulexwlrqv ri sod| dprqj khu
49srwhqwldo rssrqhqwv1 Khqfh/ iru prvw xqghuo|lqj jdphv/ zh fdq ghdo zlwk wlhv e|
shuwxuelqj wkh sd|r￿ ixqfwlrqv dqg2ru wkh pdwfklqj lq vxfk d zd| wkdw revhuyhg
iuhtxhqflhv gr qrw uhsurgxfh dq| ri wkh pl{hg htxloleuld ri J￿￿1 Dv d zrunlqj wrro/
zh gh￿qh d srsxodwlrq jdph iru zklfk wklv krogv dv kdylqj qr wlhv=
Gh￿qlwlrq 9 ￿ kdv qr wlhv li ￿/ dqg ￿ duh vxfk wkdw iru doo $ 5 ￿ dqg iru doo
d/>d ￿
/ 5 D/= H>^￿/+d/>d 3/, m ￿‘ 9@ H>^￿/+d￿
/>d 3/, m ￿‘=
Wkh uhvxow wkdw iroorzv lghqwl￿hv d vx!flhqw frqglwlrq iru joredo frqyhujhqfh iru
PEU g|qdplfv sod|hg lq d srsxodwlrq jdph ￿1 Wkh frqglwlrq uhtxluhv wkh xqghuo|lqj
jdph J wr kdyh lghqwlfdo lqwhuhvwv +dv lq Prqghuhu dqg Vkdsoh| +4<<9e,,1
Gh￿qlwlrq : +Jdph zlwk Lghqwlfdo Lqwhuhvwv, J @ +iD￿j?
￿’￿>i￿￿j?
￿’￿, lv d q
sod|hu0qrupdo irup jdph zlwk lghqwlfdo lqwhuhvwv/ li i￿￿j?
￿’￿ ￿ ￿=
? T
￿’￿
D￿ $?iru doo
l*v1
Li wklv frqglwlrqlv vdwlv￿hg/ wkhq wkh iroorzlqj Wkhruhp vkrzv wkdw +4, wkh dyhudjh
h{shfwhg sd|r￿ lq wkh srsxodwlrq/ lq d jlyhq vwdwh/ +￿>+d,, fruuhvsrqgv h{dfwo| wr
wkh dyhudjh sd|r￿ ri wkh xqghuo|lqj jdph/ wdnhq zlwk uhvshfw wr wkh uhvwulfwlrq ri
￿ lqgxfhg e| wkh vwdwh d ryhu wkh Fduwhvldq surgxfw ri J*v dfwlrq vsdfh +suhylrxvo|
ghqrwhg dv ￿@+
T
￿ D￿, dqg khuh oljkwhqhg wr ￿@,> +5, wkdw wkh ixqfwlrq ￿>+d, lv qrq0
ghfuhdvlqj dorqj dq| sdwk ri wkh p|rslf ehvw0uhso| g|qdplfv/ dqg wkdw wkhuh h{lvwv
d uhodwlrq ehwzhhq wkh vhw ri lwv pd{lpl}huv dqg wkh vhw ri devruelqj vwdwhv ri wkh
xqghuo|lqj surfhvv1
Wkhruhp 6 Ohw ￿@+￿>￿>J,/ dqg dvvxph J kdv lghqwlfdo lqwhuhvwv1 Wkhq wkh
iroorzlqj krogv=
+4, iru dq| jlyhq d> ￿>+d, @ H>@^￿+l￿>l 2>====>l?,‘ iru l￿ 5 D￿>
+5, dorqj dq| sdwk ri ￿=
d, ￿>+d, lv qrq0ghfuhdvlqj>
e, ￿>+d, lv +orfdoo|, pd{lpl}hg dw dq| d 5 Dz+￿, ￿ ￿+￿,/ dqg/ zkhqhyhu ￿
kdv qr wlhv/ wkh rqo| pd{lpl}huv duh wr eh irxqg lq ￿+￿,1
4:Surri1 Vhh Dsshqgl{1
Wkh deryh wkhruhp dvvhuwv wkdw iru wkh fodvv ri jdphv zlwk lghqwlfdo lqwhuhvwv
+wkdw lqfoxghv iru h{dpsoh sxuh frruglqdwlrq jdphv/ dv lq Ndqgrul dqg Ure +4<<6,
ru Urevrq dqg Yhjd0Uhgrqgr +4<<9,,/ dv|pswrwlfv ri wkh surfhvv fdq eh dqdo|}hg
e| orrnlqj dw wkh vhw ri vwdwhv wkdw pd{lpl}h wkh dyhudjh sd|r￿1 Vlqfh zh nqrz
iurp Sursrvlwlrq 5 wkdw hyhu| htxloleulxp d lqgxfhv wkurxjk ￿@+
T
￿ D￿, d fruuhodwhg
htxloleulxp ri wkh xqghuo|lqj jdph/ zh wklqn ri ￿>+d, @ H>@^￿+l￿>l 2>====>l?,‘ dv
wkh dyhudjh sd|r￿ ri wkh xqghuo|lqj jdph/ wdnhq zlwk uhvshfw wr wkh suredelolw|
frh!flhqwv wkdw gh￿qh wkh fruuhvsrqglqj fruuhodwhg htxloleulxp1 Ehlqj wkh lpdjh ri
d frqyh{ sro|khgurq xqghu d olqhdu pds/ wkh vhw ri fruuhodwhg htxloleulxp sd|r￿v
lv dovr d frqyh{ vhw lq ??1 Dv wkh ixqfwlrq ￿>+d, ehkdyhv prqrwrqlfdoo| dorqj wkh
g|qdplfv/ wkh deryh uhvxow dovr lpsolhv frqyhujhqfh/ ryhu wlph/ ri ￿@ wr wkh vhw ri
fruuhodwhg htxloleuld ri wkh xqghuo|lqj jdph J1 Khqfh hdfk ri wkh orfdo pd{lpl}huv ri
wkh srwhqwldo ￿>+d, fruuhvsrqgv wr dq htxloleulxp ri ￿ dqg wr d fruuhodwhg htxloleulxp
ri J1 Wklv lv vwdwhg qh{w1
Fruroodu| 7 Frqvlghu ￿@+￿>￿>J,/z k h u hJ kdv lghqwlfdo lqwhuhvwv dqg ￿ kdv qr
wlhv1 Li ￿ lv sod|hg xqghu PEU/ iru dq| jlyhq lqlwldo frqglwlrq df/
olp
|<"Su^d| 5 ￿+￿,‘@4 dqg olp
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Surri1 Vhh Dsshqgl{1
Lq jhqhudo/ htxloleuld ri wkh srsxodwlrq jdph ghshqg rq wkh lqwhudfwlrq sdwwhuq
￿/ dv zhoo dv rq wkh xqghuo|lqj jdph/ dqg xqohvv J dgplwv d Qdvk htxloleulxp lq
vwulfwo| grplqdqw dfwlrqv/ wkh vhw ￿+￿, zloo qrw eh d vlqjohwrq1 Lq wklv fdvh/ dv lw
lv zhoo nqrzq/ wkh suredelolw| zlwk zklfk hdfk vwdwh lv revhuyhg lq wkh olplw zloo
ghshqg rq wkh lqlwldo frqglwlrq1 Lq wkh Vhfwlrq wkdw iroorzv/ zh h{sorlw wkh hujrglflw|
surshuwlhv ri d shuwxuehg surfhvv wr dqdo|}h wkh orqj uxq ehkdylrxu ri wkh v|vwhp1
8 Zklfk htxloleuld duh zh olnho| wr vhhB
Lq wklv Vhfwlrq zh dqdo|}h wkh surfhvv jhqhudwhg xqghu qrlv| ehvw uhso|1 Zh dvvxph
plvwdnhv duh lqghshqghqw dfurvv sod|huv dqg ryhu wlph/ exw gr h{solflwo| ghshqg rq
sd|r￿ frqvlghudwlrqv/ dv irupdol}hg lq htxdwlrq +4,1 Lw lv fohdu/ wkdw wklv surfhvv ￿j
4;dovr udqjhv ryhu
T
/ d/ dqg/ iru dq| 3 ?￿?4> lw dgplwv d xqltxh hujrglf vhw wkdw
lqfoxghv doo vwdwhv lq wkh vwdwh0vsdfh +l1h1 Hzj
+￿, @
T
/ d/,1
Wkh uhvxow wkdw iroorzv vkrzv wkdw/ iru wkh vdph fodvv ri srsxodwlrq jdphv iru
zklfk zh suryhg joredo frqyhujhqfh lq wkh suhylrxv Vhfwlrq/ zh duh dovr deoh wr ixoo|
fkdudfwhul}h wkh olplw glvwulexwlrq ri wkh surfhvv ￿j=
Wkhruhp 8 Frqvlghu ￿@+￿>￿>J,= Iru dq| 3 ?￿?4 =
+4, ￿j lv hujrglf1 Hdfk hqwu| lv vxfk wkdw olpj<" Sj+d￿ m d, @ S+d￿ m d, iru doo
d>d￿ 5
T
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Li J kdv lghqwlfdo lqwhuhvwv/ wkhq=
+5, ￿j dgplwv wkh iroorzlqj suredelolw| yhfwru dv d xqltxh hujrglf olplw glvwulexwlrq=
Sj @^ Sj+d, @
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Surri1 Vhh dsshqgl{1
Wkh deryh uhvxow lv wr eh lqwhusuhwhg lq wkh iroorzlqj zd|1 Uhfdoo wkdw lq Vhfwlrq 7
zh vshfl￿hg frqglwlrqv xqghu zklfk wkh dyhudjh h{shfwhg sd|r￿ lq wkh srsxodwlrq zdv
vwulfwo| lqfuhdvlqj/ dqg dv vxfk frxog eh wdnhq wr uhsuhvhqw d srwhqwldo/ ru dq hqhuj|
ixqfwlrq iru wkh v|vwhp xqghu p|rslf ehvw0uhso| g|qdplfv1 Vx!flhqw iru wklv lv wkdw
wkh xqghuo|lqj jdph kdv lghqwlfdo lqwhuhvwv/ ru wkdw lw lv d srwhqwldo jdph1 Lq wklv
fdvh dw hdfk vwhs ri wkh qrlvhohvv surfhvv wkh dyhudjh h{shfwhg sd|r￿ lqfuhdvhv1 Dv
suhylrxvo| srlqwhg rxw/ wkh +qrlvhohvv, p|rslf ehvw uhso| g|qdplfv fdq eh rewdlqhg
iru wkh prgho zh dqdo|}h lq wklv Vhfwlrq zlwk ￿ @ 4= Plvwdnhv rffxu iru dq| ￿qlwh
ydoxh ri ￿= Lq wklv fdvh wkh v|vwhp fdq orrvh ￿hqhuj|￿ dw udqgrp lq dprxqwv wkdw
duh sursruwlrqdo wr wkh ydoxh ri ￿1 Khqfh vrph ri wkh orfdo pd{lpd ri wkh hqhuj|
ixqfwlrq/ l1h1 wkh dyhudjh h{shfwhg sd|r￿/ fdq eh ghvwdelol}hg1 Li dfwlrqv duh fkrvhq
lq dq hqwluho| udqgrp idvklrq/ wkdw lv iru ￿ @3 / wkh v|vwhp zdqghuv udqgrpo|
dprqj doo lwv srvvleoh vwdwhv1 Dv d uhvxow/ iru dq| ￿qlwh ydoxh ri wkh sdudphwhu ￿/
zh fdqqrw lghqwli| vwdwhv dv dwwudfwruv iru wkh g|qdplfv1 Krzhyhu/ zh fdq lghqwli|
dwwudfwru suredelolw| glvwulexwlrqv ryhu vwdwhv/ wkdw wdnh wkh irup vshfl￿hg lq wkh
deryh Wkhruhp1
4<Dv sduw +4, dqg +5, ri wkh Wkhruhp duh wuxh iru hdfk ￿qlwh ￿/ dqg wudqvlwlrq
suredelolwlhv duh frqwlqxrxv lq ￿/ zh fdq wkhq frqvlghu wkh olplw dv ￿ ehfrphv lq￿qlwh1
Lw lv d gluhfw lpsolfdwlrq ri wkh Wkhruhp wkdw/ dv wklv kdsshqv/ wkh v|vwhp vshqgv
prvw ri lwv wlph lq wkh vwdwh iru zklfk wkh dyhudjh h{shfwhg sd|r￿ dfklhyhv d joredo
pd{lpxp1 Dv +iurp sduw +4,, ￿j frqyhujhv wr ￿ hqwu|0e|0hqwu| dv ￿ $4 / wkh olplw
glvwulexwlrq frqfhqwudwhv doo ri lwv pdvv rq rqh ri wkh devruelqj vwdwhv ri ￿ wkdw duh
devruelqj vwdwhv ri wkh srsxodwlrq jdph1
Lw lv lqwhuhvwlqj wr lqwhusuhw wkh ￿qglqjv ri Wkhruhp 8 lq whupv ri htxloleulxp
vhohfwlrq ryhu wkh vhw ri fruuhodwhg htxloleuld ri wkh xqghuo|lqj jdph1 Lq sduwlfx0
odu/ d gluhfw lpsolfdwlrq lv wkdw/ li wkh xqghuo|lqj jdph dgplwv d Sduhwr0grplqdqw
htxloleulxp/ wkhq lw zloo eh vhohfwhg e| wkh ohduqlqj surfhvv1
Fruroodu| 9 Frqvlghu ￿@+￿>￿>J,/ zkhuh J kdv lghqwlfdo lqwhuhvwv/ dqg vxssrvh J
dgplwv l @ +l￿>l 2>====>l?, dv d Sduhwr0grplqdqw rxwfrph1 Li ￿ lv sod|hg xqghu QEU/
wkhq wkhuh h{lvwv dq d 5Ddqg d ￿ iru zklfk=
￿>+d, @ H>@+￿, @￿ +l￿>l 2>====>l ?, dqg olp
j<"Sj+d, @4 =
Surri1 Vhh Dsshqgl{1
Jdphv wkdw idoo lqwr wklv fodvv duh/ iru h{dpsoh/ frpprq lqwhuhvw jdphv/ dv lq
Dxpdqq dqg Vrulq +4<;<,1 Wkh deryh Fruroodu| wkhq srvwxodwhv wkdw d srsxodwlrq
jdph/ sod|hg xqghu qrlv| ehvw0uhso| g|qdplfv/ lv deoh wr vhohfw wkh rqh wkdw |lhogv
wkh ￿kljkhvw￿ fruuhodwhg htxloleulxp sd|r￿ zlwklq wkdw vhw1
Lw lv qrw gl!fxow wr vhh wkdw wkh uhvxowv ri Wkhruhpv 6 dqg 8 fdq eh jhqhudol}hg
wr wkh fodvv ri ehwwhu uhso| g|qdplfv +zkhuh hdfk sod|hu p|rslfdoo| dgrswv dq dfwlrq
wkdw rqo| lqfuhdvhv khu h{shfwhg sd|r￿, dqg wr wkh fodvv ri jdphv wkdw duh ehvw0uhso|
htxlydohqw wr jdphv zlwk lghqwlfdo lqwhuhvwv1 Dv wkh ￿uvw jhqhudol}dwlrq zrxog qrw
vxevwdqwldoo| dgg wr wkh dqdo|vlv/ dqg lq wkh vhfrqg wkh h{solflw uhodwlrq zlwk wkh
dyhudjh sd|r￿ +dqg fruuhodwhg sd|r￿ lq htxloleulxp, zrxog eh orvw/ wklv olqh lv qrw
sxuvxhg1
Dv lw wxuqv rxw lq Wkhruhp 8/ wkh ixoo fkdudfwhul}dwlrq ri wkh surfhvv fdq eh grqh
yhu| vlpso| lq whupv ri Pdunry fkdlqv1 Iru wkh fodvv ri jdphv wkdw zh dqdo|}h/ dq
htxlydohqw vshfl￿fdwlrq ri wkh vwrfkdvwlf surfhvv fdq eh jlyhq lq whupv ri d Pdunryldq
53udqgrp ￿hog￿21 Wklv fkdudfwhul}dwlrq uhtxluhv/ dv d ixuwkhu dvvxpswlrq lq rxu prgho/
wkdw wkh vhw ri sod|huv/ ￿/ eh htxlsshg zlwk d glvwdqfh +iru h{dpsoh lq d odwwlfh ri
Yrq Qhxpdqq ru Prruh qhljkerxukrrgv,1 Vxfk fkdudfwhul}dwlrq wxuqv rxw wr eh
sduwlfxoduo| xvhixo li wkh prgho lv h{whqghg e| doorzlqj iru d frxqwdeo|￿￿ lq￿qlwh
srsxodwlrq ri sod|huv/ doo rwkhu wklqjv ehlqj htxdo1 Wklv zrxog pdnh wkh yhuvlrq ri
wkh prgho zh dqdo|}h khuh xqghu xqlirup orfdo pdwfklqj +l1h1 iru ￿ ￿ ￿u,/ forvh
wr wkdw vwxglhg lq Eoxph +4<<6,/ zkhuh wkh dxwkru surylghv d fkdudfwhul}dwlrq iru
dq xqghuo|lqj wzr0sod|hu p0e|0p v|pphwulf jdph lq whupv ri dq Lvlqj prgho +iru
p @5 ,/ ru d Srww*v prgho iru pA5,1 Dv srlqwhg rxw lq wkdw sdshu/ frpsolfdwlrqv
pljkw dulvh dv wkh sduwlwlrq ixqfwlrq/ l1h1 wkh qrupdol}lqj idfwru ri zklfk lq Wkhruhp
8/ sduw +5,/ pd| qrw eh vxppdeoh1 Rxu uhvxowv iru q @5dqg iru dq xqghuo|lqj
v|pphwulf jdph zrxog frqvwlwxwh dq dqdorj ri Wkhruhpv 914 dqg 916 lq wkdw sdshu1
Lw vkrxog eh fohdu wkdw/ wkrxjk wkh vshfl￿fdwlrq ri wkh prgho lv gl￿huhqw/ wkh
orjlf iroorzhg lq wkh dqdo|vlv lv yhu| forvh wr wkdw ri Ndqgrul/ Pdlodwk dqg Ure
+4<<6,1 Qdpho|/ wkh htxloleulxp vhohfwlrq uhvxowv duh rewdlqhg lq wzr vwhsv= ￿uvw/ wkh
dv|pswrwlfv +ryhu wlph, ri d qrlv| g|qdplfv lv fkdudfwhul}hg lq whupv ri dq hujrglf
olplw glvwulexwlrq h{suhvvhg lq whupv ri d sdudphwhu +￿/ lq rxu prgho,/ dqg vhfrqg/
d olplw lv wdnhq ryhu wklv sdudphwhu wr irupdol}h d surfhvv ri ohduqlqj e| sod|huv1
Fohduo|/ li wkh rughu ri wkh olplwv lv uhyhuvhg/ wkh orjlf idlov wr krog/ dv vr gr wkh
hujrglflw| surshuwlhv1 Ehvlghv/ wkh fdyhdw ri Ehujlq dqg Olspdq +4<<9, dssolhv wr
wklv prgho dv zhoo= li wkh prgho doorzv iru vwdwh0ghshqghqw plvwdnhv/ iru h{dpsoh
li ￿ ghshqgv rq d +wkh vwdwh, ru rq $ +wkh sod|hu,/ dqg wkh vshhg dw zklfk hdfk ￿
uhdfkhv lq￿qlw| gl￿huv/ wkhq wkh htxloleulxp vhohfwlrq uhvxow ri wkh Fruroodu| zrxog
qrw qhfhvvdulo| krog1
Shukdsv vxusulvlqjo|/ wkh forvhvw dqdorj ri rxu frqyhujhqfh uhvxow lv wkdw rewdlqhg
iru dq lq￿qlwh srsxodwlrq 2 udqgrp pdwfklqj prgho zkhuh wkh g|qdplfv duh prghoohg
dv uhsolfdwru g|qdplfv1 Dv Kriedxhu dqg Vljpxqg +4<;;, vkrz/ iru d wzr0sod|hu
v|pphwulf srwhqwldo jdph +d sduwqhuvkls jdph lq wkhlu whuplqrorj|,/ wkh uhsolfdwru
htxdwlrq lv d judglhqw yhfwru ￿hog/ zlwk wkh phdq sd|r￿ dv srwhqwldo ixqfwlrq lq d
vxlwdeoh Vkdkvkdkdql phwulf1 D ixoo xqghuvwdqglqj ri wklv dqdorj| zduudqwv ixwxuh
uhvhdufk1
549 Frqfoxvlrqv
Wkh sdshu surylghv d vwduwlqj srlqw iru wkh dqdo|vlv ri wkh g|qdplf surshuwlhv ri
htxloleuld iru ￿qlwh q sod|hu jdphv/ uhshdwhgo| sod|hg e| udqgrpo| gudzq q0wxsohv ri
sod|huv iurp d ￿qlwh srsxodwlrq1 Wkh jhqhudo iudphzrun dgrswhgwkurxjkrxw dffrxqwv
iru vwdqgdug dvvxpswlrqv +dv udqgrp pdwfklqj/ ru orfdo pdwfklqj, derxw wkh udqgrp
zd| sod|huv duh pdwfkhg/ dv sduwlfxodu fdvhv1 Rq rqh kdqg vxfk jhqhudolw| khosv wr
fdswxuh dvshfwv ri wkh duwlfxodwh zd| lq zklfk lqirupdwlrqlv jdwkhuhg dqgwudqvplwwhg
lq uhdo olih/ dqg lv suredeo| pruh frqgxflyh wr dssolfdwlrqv ri wklv nlqg ri wkhruhwlfdo
prgholqj wr pdunhw vwuxfwxuhv1 Rq wkh rwkhu kdqg/ wklv jhqhudolw| lv qhhghg dovr dw
d wkhruhwlfdo ohyho/ li htxloleulxp frqyhujhqfh dqg htxloleulxp vhohfwlrq uhvxowv wkdw
kdyh ehhq wkh irfxv ri d eudqfk ri uhfhqw olwhudwxuh/ duh wr eh jhqhudol}hg wr vhwwlqjv
pruh frpsoh{ wkdq xqghuo|lqj frruglqdwlrq jdphv1
Lw hphujhv iurp wkh dqdo|vlv wkdw wkh zd| pdwfklqj dprqj lqglylgxdov wdnhv sodfh
ghwhuplqhv d ydulhw| ri htxloleuld wkdw gr qrw fruuhvsrqg wr uhsolfdwhg yhuvlrqv ri wkh
htxloleuld ri wkh xqghuo|lqj jdph1 Fohduo|/ wkh vshfl￿f fkdudfwhul}dwlrq ri hdfk ri
wkhp uholhv rq wrsrorjlfdo surshuwlhv wkdw pljkw qrw eh reylrxv1 Krzhyhu/ lq whupv ri
wkh phdvxuh wkh| lqgxfh/ wkh irfxv lv wr eh gluhfwhg rq wkh vhw ri fruuhodwhg htxloleuld
ri wkh xqghuo|lqj jdph/ udwkhu wkdq rq wkdw ri lwv Qdvk htxloleuld1 Sxuvxlqj wklv
olqh ri uhvhdufk frxog dovr eh ri sudfwlfdo khos lq xqghuvwdqglqj wkh vwuxfwxuh ri wkh
vhw ri fruuhodwhg htxloleuld/ eh|rqg wkh uhvxowv ri Fulssv +4<<6, dqg Hydqjholvwd dqg
Udjkdydq +4<<9,1 Ixuwkhupruh/ wkh ohduqlqj surfhvv vwxglhg lq wkh sdshu surylghv d
pxfk qhhghg udwlrqdoh iru wkh qrwlrq ri fruuhodwhg htxloleulxp/ wkdw klqjhv xsrq wkh
orfdo qdwxuh ri lqirupdwlrq jdwkhulqj1 Dorqj wkhvh olqhv lw vhhpv dsshdolqj wr frpelqh
d vsdwldo fkdudfwhul}dwlrq ri wkh prgho zlwk vrph frqvlghudwlrq ri wkh klvwru| ri sod|
lq whupv ri sdvw sod|1 D pruh sodxvleoh prgho zrxog frpelqh wkhvh wzr glphqvlrqv
+vsdfh dqg wlph, lq wkh irupdol}dwlrq ri wkh ohduqlqj surfhvv1 Dv iru wkh fodvv ri
jdphv zlwk lghqwlfdo lqwhuhvwv/ zh nqrz +iurp Prqghuhu dqg Vkdsoh| +4<<9e,, wkdw
ohduqlqj g|qdplfv olnh ￿fwlwlrxv sod| frqyhujh/ dqg zh nqrz iurp Kduw dqg Pdv0
Frohoo +4<<:, wkdw klvwru| shu vh fdq zrun dv d frqyh{l￿fdwlrq ghylfh wr vxssruw d
fruuhodwhg htxloleulxp/ uhvxowv frxog eh rewdlqhg dorqj wkhvh olqhv1
Wkh frqyhujhqfh dqg htxloleulxp vhohfwlrq uhvxowv ri wklv sdshuv duh vkrzq wr krog
55iru srwhqwldo jdphv1 Fohduo| wklv lv rqo| d vx!flhqw frqglwlrq/ wkdw pd| eh uhsodfhg
e| rwkhuv lq sduwlfxodu vhwwlqjv1 Lq wkh fodvv ri 50sod|hu 0 60dfwlrqv frruglqdwlrq
jdphv iru h{dpsoh dvvxpswlrqv olnh wkh edqg0zdjrq surshuw| ru vxshuprgxodulw|
kdyh ehhq vkrzq wr zrun lq Ndqgrul dqg Ure +4<<6, dqg +4<<8, iru d jdph sod|hg
xqghu xqlirup srsxodwlrq pdwfklqj1 Krzhyhu/ li pdwfklqj lv orfdo/ wkhvh frqglwlrqv
duh qhlwkhu qhfhvvdu|/ qru vx!flhqw wr uxoh rxw f|folf ehkdylrxu1
Lq rxu vhwwlqj srwhqwldo jdphv duh ri lqwhuhvw ehfdxvh wkh| doorz xv wr ghulyh
frqyhujhqfh dqg htxloleulxp vhohfwlrq uhvxowv wkdw gr qrw ghshqg rq wkh sduwlfx0
odu vshfl￿fdwlrq ri wkh lqwhudfwlyh vwuxfwxuh1 Dv sd|r￿ ixqfwlrqv duh lghqwlfdo/ wkhvh
htxloleuld duh urexvw wr shupxwdwlrqv ri wkh urohv lq wkh xqghuo|lqj jdph/ dqg wkh glv0
wlqfwlrq ehwzhhq h{0dqwh dqg dg0lqwhulp lqwhusuhwdwlrq ri wkh htxloleulxp frqglwlrqv
grhv qrw elwh1 Wklv pdwwhuv zkhq dqdo|}lqj frqyhujhqfh dqg vwdelolw| surshuwlhv ri
wkh g|qdplfv zh vwxg|/ dv zhoo dv zkhq vwxg|lqj d qrlv| yhuvlrq ri wkh g|qdplfv=
￿uvw ehfdxvh htxloleuld ri wkh srsxodwlrq jdph duh urexvw wr dq| rqh sod|hu ghyldwlrq
+wklv sod|v wkh vdph uroh wkdw vwulfwqhvv ri Qdvk htxloleulxp sod|v lq wkh xqghuo|lqj
jdph,> vhfrqg ehfdxvh lw jxdudqwhhv uhyhuvlelolw| surshuwlhv ri wkh qrlv| g|qdplfv zh
vwxg|1 Wklv odwwhu srlqw fohduo| ghshqgv rq wkh vshfl￿f irupdol}dwlrq ri wkh plvwdnhv
wkdw d￿hfw sod|huv* fkrlfhv lq wkh prgho zh xvh1
Lw lv gl!fxow wr surylgh d frqylqflqj prwlydwlrq +rwkhu wkdq whfkqlfdo frqyh0
qlhqfh, iru dgglqj plvwdnhv wr dq rwkhuzlvh p|rslfdoo| rswlpdo ehkdylrxu1 Krzhyhu/
suholplqdu| uhvxowv vkrz wkdw wkh irupdol}dwlrq xvhg khuh fdq eh prwlydwhg lq whupv
ri olplwhg lqirupdwlrq rq wkh sduw ri vfdufho| lqiruphg udwlrqdo sod|huv/ zkr pdnh
lqihuhqfh rq wkh djjuhjdwh sod| e| vdpsolqj vrph revhuydwlrqv1 Prwlydwlrq dvlgh/
rqh wklqj qrwhg lq dq h{dpsoh lq Ldqql +4<<:, lv wkdw/ iru d srsxodwlrq jdph sod|hg
xqghu orfdo pdwfklqj dqg iru wkh xqghuo|lqj jdph lq H{dpsoh 4 ri wklv sdshu/ wklv
vshfl￿fdwlrq ri plvwdnhv |lhogv gl￿huhqw htxloleulxp vhohfwlrq uhvxowv wkdq wkh rqh
xvhg lq pdq| sdshuv wkdw ruljlqdwhg iurp Ndqgrul/ Pdlodwk dqg Ure +4<<6, dqg
\rxqj +4<<6,1 Lq wkhvh sdshuv plvwdnhv gr qrw h{solflwo| ghshqg rq h{shfwhg sd|0
r￿v/ exw rqo| rq wkh udqnlqj ehwzhhq wkh h{shfwhg sd|r￿ dfklhydeoh zlwk gl￿huhqw
dfwlrqv1 Lw zrxog eh lqwhuhvwlqj wr lqyhvwljdwh ixuwkhu wkh ghshqghqfh ri htxloleulxp
vhohfwlrq uhvxowv rq wkh vshfl￿fdwlrq ri wkh surfhvv ri plvwdnhv1 Eoxph +4<<8, frq0
vwlwxwhv d ￿uvw vwhs lq wkdw gluhfwlrq/ iru dq xqghuo|lqj 5 sod|hu jdph/ sod|hg xqghu
56xqlirup srsxodwlrq pdwfklqj1 Rqh pd| frqmhfwxuh wkdw wkh wzr vshfl￿fdwlrqv pljkw
eh uhodwhg wr surshuwlhv ri surshuqhvv dqg shuihfwlrq ri wkh htxloleuld1
Xqlyhuvlw| ri Shqqv|oydqld/ 525;2<;1
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Dv wkh uhvxow ri Sursrvlwlrq 4 fdq hdvlo| eh ghulyhg iurp Sursrvlwlrq 5/ zh lqyhuw
wkh rughu ri wkh surriv1
Surri ri Sursrvlwlrq 5
l, Wkh surri h{whqgv wkh uhvxow ri Sursrvlwlrq 4/ sduw +414, lq Pdlodwk/ Vdpxhovrq
dqg Vkdnhg +4<<:, e| doorzlqj sod|huv wr xvh pl{hg vwudwhjlhv1 Wkh h{whqvlrq lv
vwudljkw0iruzdug/ dv lw vx!fhv wr qrwlfh wkdw sod|hu $*v h{shfwhg sd|r￿ iurp fkrrvlqj
d/ lv d olqhdu ixqfwlrq ri $*v pl{lqj suredelolwlhv d￿
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Dv wklv krogv iru dq| l dqg m/ dqg iru dq| $ wkh deryh lqhtxdolwlhv uhsurgxfh
h{dfwo| wkrvh wkdw d fruuhodwhg htxloleulxp ri J pxvw vdwlvi|1 Khqfh wkh dvvhuw iroorzv1
H{solflwo|/ wkh suredelolw| glvwulexwlrq lqgxfhg e| dW ryhu wkh Fduwhvldq surgxfw
ri wkh dfwlrq vsdfh/ ￿@W+
T
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iru dq| frpelqdwlrq ri dfwlrqv +l￿ 5 D￿>l 2 5 D2>=====l? 5 D?,=
ll, Dv iru wkh frqyhuvh ri wkh Sursrvlwlrq/ li pdwfklqj vdwlv￿hv Gh￿qlwlrq 6/ wkh
surri lv dv vwudljkw0iruzdug dv lq sduw +415, ri wkh txrwhg sdshu/ khqfh rplwwhg1
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Iurp Sursrvlwlrq 5 zh nqrz wkdw +iru hdfk jlyhq p dqg, iru hdfk htxloleulxp ri
wkh p0uhsolfd ri J/ dW 5 ￿+￿6,/ ￿@W+
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￿ D￿, gh￿qhv d fruuhodwhg htxloleulxp ri J1
Khqfh/ wr suryh wkh dvvhuw zh rqo| qhhg wr vkrz wkdw wkh fruuhodwhg htxloleulxp lv
wkh surgxfw phdvxuh ri lwv pdujlqdov=
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+5,1 d,= Ohw df dqg d￿ eh vxfk wkdw S+d￿ m df, A 31 Lq rughu wr suryh wkh
vwdwhphqw/ lw vx!fhv wr vkrz wkdw/ jlyhq ￿/ ￿+d￿, ￿ ￿+df, ￿ ￿￿+df, ￿ 31D v
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59dv wkh rqo| wudqvlwlrqv wkdw rffxu zlwk vwulfwo| srvlwlyh suredelolw| lq ￿ duh wkrvh
zkhuh $ vzlwfkhv wr d ehvw0uhso|1
+5,= e, Wkh ￿uvw vwdwhphqw lv wuxh vlqfh devruelqj vwdwhv ri wkh surfhvv duh doo
+dqg rqo|, wkrvh vwdwhv wkdw duh vwulfw htxloleuld ri ￿1 Lq dq| ri wkhvh/ qr sod|hu fdq
dfklhyh d kljkhu h{shfwhg sd|r￿ e| fkrrvlqj d gl￿huhqw dfwlrq/ jlyhq wkh dfwlrqv ri
doo rwkhu sod|huv1 Khqfh wkh dyhudjh ryhu doo q0wxsohv ri sod|huv fdqqrw eh lqfuhdvhg
lq d vlqjoh vwhs ri wkh g|qdplfv1
Wr suryh wkh vhfrqg vwdwhphqw/ qrwlfh wkdw iru dq xqghuo|lqj srwhqwldo jdph=
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l1h1 lw lv d zhljkwhg dyhudjh ri vprrwk ixqfwlrqv ri wkh irup
S
@3￿ ￿+d￿>d 3￿,￿+d3￿ m d￿,1
Khqfh ￿>+d, lv pd{lpl}hg li dqg rqo| li hdfk vlqjoh ixqfwlrq lv pd{lpl}hg1 E|
Gh￿qlwlrq 7/ iru doo $*v dqg iru d jlyhq ￿/d q |d￿ dgrswhg lq htxloleulxp lv d pd{lpl}hu
iru d jlyhq d3￿1D v￿ kdv qr wlhv/ iru hdfk sod|hu wkh ehvw0uhso| lv xqltxh1 Khqfh d lv
devruelqj1
Surri ri Fruroodu| 4
Lw vx!fhv wr qrwlfh wkdw wkh vwrfkdvwlf surfhvv xqghu PEU lv dq devruelqj Pdunry
fkdlq ryhu wkh vwdwh vsdfh
T
/ d/1 Khqfh/ qr pdwwhu zkhuh wkh surfhvv vwduwv/ wkh
suredelolw| diwhu w vwhsv wkdw wkh surfhvv lv lq dq hujrglf vwdwh whqgv wr 4 dv w whqgv wr
lq￿qlw|1 Wkh ixqfwlrq ￿>+d|, ehkdyhv prqrwrqlfdoo| ryhu w dqg lv orfdoo| pd{lpl}hg
dw dq| d 5 ￿+￿, ￿ ￿+￿,/ wkdw zh nqrz iurp Sursrvlwlrq 5 gh￿qhv d fruuhodwhg
htxloleulxp ri J1
Surri ri Wkhruhp 5
5:+4,= Fohduo| wkh surfhvv ￿j udqjhv ryhu wkh vdph vwdwh vsdfh dv ￿ grhv/ dqg
iurp Gh￿qlwlrq 4/ lw lv fohdu wkdw wkh shuwxuedwlrq grhv qrw dowhu wkh Pdunryldq
surshuwlhv ri wkh surfhvv1 Dovr/ iurp wkh vdph Gh￿qlwlrq/ hdfk sod|hu dgrswv d pl{hg
vwudwhj| wkdw kdv ixoo vxssruw1 Dv d uhvxow dq| wudqvlwlrq ehwzhhq dq| wzr vwdwhv
wkdw gl￿hu rqo| e| sod|hu $*v dfwlrq wdnhv sodfh zlwk vwulfwo| srvlwlyh suredelolw|1
Khqfh dq| vwdwh d frppxqlfdwhv zlwk dq| rwkhu vwdwh d￿ lq d ￿qlwh qxpehu ri vwhsv1
Lq wkh whuplqrorj| lqwurgxfhg dw wkh ehjlqqlqj ri Vhfwlrq 7/ ￿j frqwdlqv d xqltxh
hujrglf vhw wkdw lqfoxghv doo vwdwhv lq wkh vwdwh0vsdfh1 Dv d vwdqgdug uhvxow +vhh/
iru h{dpsoh/ Nhphq| dqg Vqhoo +4<:9,/ Wkhruhp 71419,/ ￿j dgplwv d xqltxh olplw
glvwulexwlrq/ l1h1 d xqltxh suredelolw| yhfwru ^Sj+d,>d 5D ‘ vxfk wkdw Sj+d, @
S
@￿M￿ Sj+d￿,Sj+d m d￿,= Ehvlghv/ wkh odwwhu lv hujrglf/ lq wkdw iru dq| duelwudu|
suredelolw| yhfwru ^t+d,>d 5D ‘/ olp|<" t+d,+￿j,| @ Sj+d,1
Dv iru wkh vhfrqg vwdwhphqw/ vxssrvh $ lv dgrswlqj d vxerswlpdo dfwlrq d/￿ lq
vwdwh d/ dqg klv ehvw0uhso|/ jlyhq vwdwh d/ lv dfwlrq d/￿/ wkdw kh dgrswv lq vwdwh d￿=
Xqghu ￿j wkh wudqvlwlrq ehwzhhq d dqg d￿ zloo rffxu zlwk suredelolw|=
Sj+d￿ m d, @
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Khqfh olpj<" Sj+d￿ m d, @4@S+d￿ m d,1 Dffruglqjo|/ olpj<" Sj+d m d￿, @3@
S+d m d￿,1D v$/ l dqg m duh fkrvhq duelwudulo|/ wkh dvvhuwlrq lv suryhg1
+5,= Dv wkh xqghuo|lqj jdph lv d srwhqwldo jdph/ zh duh deoh wr h{solflwo| ghulyh lwv
olplw glvwulexwlrq e| vlpso| qrwlflqj wkdw wkh fkdlq lv uhyhuvleoh/ l1h1 wkh suredelolw|
yhfwru ^Sj+d,>d 5D ‘ lv vxfk wkdw Sj+d,S+d￿ m d, @ Sj+d￿,S+d m d￿, iru doo d>d￿ 5D
+vhh/ iru h{dpsoh/ Oljjhww +4<;8,/ Sursrvlwlrq 81:,1 Djdlq/ vxssrvh $ lv dgrswlqj
dfwlrq d/￿ lq vwdwh d/ dqg dfwlrq d/￿ lq d￿1 Wkhq wkh iroorzlqj krogv=
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5;￿edv wkh uhodwlyh dgydqwdjh/ iru sod|hu $/ ri dfwlrq l zlwk uhvshfw wr dfwlrq m lv h{dfwo|
htxdo wr wkh udwlr ehwzhhq wkh rqh vwhs wudqvlwlrq suredelolwlhv1
Surri ri Fruroodu| 5
Dv J kdv lghqwlfdo lqwhuhvwv/ d ghjhqhudwh suredelolw| glvwulexwlrq wkdw kdv pdvv
rq l @ +l￿>l 2>===>l?, lv d +vwulfw, Qdvk dqg fruuhodwhg htxloleulxp ri J1 Khqfh +iurp
Sursrvlwlrq 5/ sduw ll,, zh fdq frqvwuxfw d sur￿oh ri dfwlrqv d lq d srsxodwlrq jdph
￿/ iru zklfk ￿@+l￿>l 2>===>l ?, @4dqg ￿>+d, @ H>@^￿+l￿>l 2>===>l ?,‘@￿ +l￿>l 2>===>l?,1
Dv ￿>+d, A ￿>+d￿, iru doo d￿ 9@ d/ wkh uhpdlqlqj sduw ri wkh vwdwhphqw iroorzv iurp
sduw +5, ri Wkhruhp 5/ rqfh zh qrwlfh wkdw Sj+d, lv frqwlqxrxv lq ￿1
5<Qrwhv
￿Qrwdwlrqdo frqyhqwlrqv zh nhhs wkurxjkrxw duh= wkh xvh ri juhhn ohwwhuv +rwkhu wkdq >, wr lqgh{
sod|huv dqg odwlq ohwwhuv wr lqgh{ dfwlrqv> wkh v|pero y‘ wr ghqrwh wkh fduglqdolw| ri wkh ￿qlwh vhw
‘ dqg ￿E‘￿ wr ghqrwh dq| shupxwdwlrq ri lwv hohphqwv> .W￿ wr ghqrwh wkh h{shfwhg ydoxh ri wkh
udqgrp yduldeoh ￿ wdnhq zlwk uhvshfw wr wkh phdvxuh W￿ Ixuwkhupruh/ zh delgh wr wkh frqyhqwlrq ri
ghqrwlqj d ￿qlwh vhw E￿￿c￿ 2c￿￿￿￿c￿ ?￿ dv E￿￿c￿ 3￿￿ zkhuh wkh vxevfulsw 3￿ uhihuv wr doo lqglfhv rwkhu
wkdq ￿ lq wkh vhw1
2D frpsdqlrq sdshu ri wklv/ Ldqql +4<<:,/ vwxglhv dq dqdorj prgho zkhuh wkh udqgrp pdwfklqj
grhv qrw vdwlvi| wkh deryh gh￿qlwlrq1
￿Dv lq Kduvdq|l +4<:6,/ ￿Vwulfw￿ vlpso| phdqv wkdw/ jlyhq >/ hdfk sod|hu kdv d xqltxh ehvw
uhvsrqvh wr khu ulydo*v vwudwhjlhv1
eWklv dvvxpswlrq lv rqo| lqwurgxfhg iru frqyhqlhqfh/ dv/ lq jhqhudo/ wkhuh lv qr jxdudqwhh wkdw
d frpsohwh pdwfklqj +lqyroylqj E?￿
3￿￿ jurxsv, h{lvwv1 Dv lw pljkw vrxqg d olwwoh elw rgg wkdw d
sod|hu ohduqv/ hyhq wkrxjk vkh grhv qrw sod| wkh jdph lq hyhu| shulrg/ zh qrwlfh wkdw/ iru ? ’2 /
dq htxlydohqw vshfl￿fdwlrq ri wkh prgho/ zkhuh doo sod|huv sod| wkh jdph dw hdfk wlph |/ frxog eh
rewdlqhg e| dvvxplqj wkdw d, > vdwlv￿hv Gh￿qlwlrq 6 dqg e, wkh lqgxfhg judsk : vdwlv￿hv d frqglwlrq
nqrzq dv Kdoo*v frqglwlrq1 Vhh Eljjv +4<<3, iru d judsk0fkdudfwhul}dwlrq ri h{lvwhqfh frqglwlrqv1
Dowhuqdwlyho|/ rqh frxog sodxvleo| srvwxodwh wkdw/ zlwklq hdfk wlph shulrg/ yhu| pdq| pdwfklqjv
wdnh sodfh/ vr wkdw wkh h{shfwhg sd|r￿ wr d sod|hu fdq eh wdnhq wr fruuhvsrqg wr wkh dyhudjh dfwxdo
sd|r￿ iurp wkdw urxqg ri lqwhudfwlrqv1
DD prwlydwlrq iru srvwxodwlqj wklv vruw ri dv|qfkurqrxv xsgdwlqj lv surylghg lq Dqghuolql dqg
Ldqql +4<<9d, lq whupv ri qrlvh dw wkh pdujlq1 Wkh lghd lv wkdw vwudwhj| fkdqjhv duh frvwo|> dv
d uhvxow zkhqhyhu d ohduqlqj uxoh suhvfulehv dq dfwlrq wkdw lv gl￿huhqw iurp wkh dfwlrq suhylrxvo|
dgrswhg/ d sod|hu grhv qrw qhfhvvdulo| iroorz wkh suhvfulswlrq dqg zlwk vrph srvlwlyh suredelolw|/
grhv qrw fkdqjh khu dfwlrq1 Khqfh wkh g|qdplfv ri wkh v|vwhp uhsurgxfh dq| ri wkh srvvleoh sdwkv
ri dv|qfkurqrxv xsgdwlqj1
SWklv lv reylrxv li zh uh0zulwh wkh uxoh dv iroorzv=
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D ehkdylrxudo vshfl￿fdwlrq ri wklv uxoh frxog eh jlyhq lq whupv ri frqglwlrqdo orjlw vshfl￿fdwlrq/
dv lq PfIdgghq +4<:7,1 PfNhoyh| dqg Sdoiuh| +4<<8, ￿w dq dqdorj prgho wr d ydulhw| ri h{shulphqwdo
gdwd vhwv1 Iru rxu sxusrvhv/ wkh lghd zh zdqw wr frqyh| lv wkdw/ iru d sod|hu zdqwlqj wr jr wr wkh
53wk  rru e| hohydwru/ wkh suredelolw| zlwk zklfk vkh suhvvhv zurqj exwwrqv lv ghfuhdvlqj lq wkh
qxpehu ri ohyhov ehorz  rru 531
.Wr vhh wklv/ frqvlghu wkh vlpsohvw fdvh zkhuh ? ’ ￿ ’2dqg C ’E ￿c￿c￿￿c￿2￿/ zkhuh zh
63uhdg ￿￿ G ￿ f ￿ <^ c￿’￿ c2 dv wkh sd|r￿ pdwulfhv1 Xqohvv wkh jdph lv v|pphwulf/ zklfk lv wkh
fdvh li ￿
￿
2 ’￿ ￿/ wkh vhw ri htxloleuld fkdudfwhul}hg e| Gh￿qlwlrq 7/ zrxog fruuhvsrqg wr wkh vhw ri
Qdvk0htxloleuld ri d gl￿huhqw jdph/ qdpho| 7 C ’E ￿c￿c ￿
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￿’￿￿ lv d v|pphwulf ? sod|hu0qrupdo irup jdph/ li ￿￿ ’ ￿ iru doo ￿*v dqg
sd|r￿ ixqfwlrqv t￿￿￿
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￿￿ <^duh vxfk wkdw ￿￿E@￿c@ 3￿￿’￿ ￿E@￿c@ ￿E3￿￿￿’￿ E @￿c@ 3￿￿ iru doo
￿*v1
bD fruuhodwhg htxloleulxp ￿ lv v|pphwulf li ￿￿4￿5c￿￿￿￿q ’ ￿￿E￿4￿5c￿￿￿￿q￿ iru doo shupxwdwlrqv ￿E￿￿￿2c￿￿￿￿?￿
ri wkh lqglfhv E￿￿￿2c￿￿￿￿?￿1
￿fUhfdoo wkdw wzr vwdwhv ehorqj wr wkh vdph htxlydohqfh fodvv li wkh| ￿frppxqlfdwh￿/ l1h1 li wkh
surfhvv fdq jr iurp rqh vwdwh wr wkh rwkhu1 Wkh uhvxowlqj sduwldo rughulqj vkrzv wkh srvvleoh gluhfwlrqv
lq zklfk wkh surfhvv fdq surfhhg1 Wkh plqlpdo hohphqwv ri wkh sduwldo rughulqj ri htxlydohqfh fodvvhv
duh fdoohg hujrglf vhwv/ l1h1 vhwv wkdw/ rqfh hqwhuhg/ fdqqrw eh ohiw e| wkh g|qdplfv1 Hujrglf vhwv wkdw
frqwdlq rqo| rqh hohphqw duh fdoohg devruelqj vwdwhv1
￿￿Qrwh wkdw wklv surshuw| lv jhqhulf hlwkhu lq wkh sd|r￿ vsdfh/ ru lq wkh vshfl￿fdwlrq ri wkh pdwfklqj1
￿2Lq Ldqql +4<<9,/ Vhfwlrq 91615 wklv lv grqh iru wkh fdvh ri d wzr0sod|hu xqghuo|lqj jdph1
￿￿Li wkh srsxodwlrq lv ￿qlwh/ wkh fkdudfwhul}dwlrq lq whupv ri Pdunry ￿hogv +lqvwhdg ri Pdunry
fkdlqv, zrxog rqo| surylgh d gl￿huhqw lqwhusuhwdwlrq ri wkh prgho/ dw wkh frvw ri whfkqlfdo frpsoh{lw|1
Wkrxjk xvhg wr dujxh lq idyrxu ri whfkqlfdolw|/ vxfk uhpdun dovr dsshduv dv Uhpdun 9 lq Doohq +4<;5,/
zkhuh wkh dxwkru vwxglhv d prgho ri vwrfkdvwlf whfkqrorjlfdo gl￿xvlrq1
￿eWkh frqglwlrq
￿ E@4￿
￿E@￿ ’
￿ E@4￿@￿
￿ E@￿@4￿ lv nqrzq dv Ghwdlohg Edodqfh Frqglwlrq1
64UHIHUHQFHV
Doohq/ E1 +4<;5,/ ￿Vrph vwrfkdvwlf surfhvvhv ri lqwhughshqghqw ghpdqg dqg whfk0
qrorjlfdo gl￿xvlrq ri dq lqqrydwlrq h{klelwlqj h{whuqdolwlhv dprqj dgrswhuv/%
Lqwhuqdwlrqdo Hfrqrplf Uhylhz￿ 56/ 8<8093;1
Dqghuolql/ O1 dqg D1 Ldqql +4<<9d,/ ￿Sdwk Ghshqghqfh dqg Ohduqlqj Iurp Qhl0
jkerxuv/% Jdphv dqg Hfrqrplf Ehkdylru/ 46/ 47404::1
Dqghuolql/ O1 dqg D1 Ldqql +4<<9e,/ ￿Ohduqlqj rq d Wruxv/ / lq F1 Elffklhul/ U1
Mh￿uh|/ E1 Vn|upv hg1 Wkh G|qdplfv ri Qrupv/ Fdpeulgjh Xqlyhuvlw| Suhvv1
Dxpdqq/ H1 +4<:7,/ ￿Vxemhfwlylw| dqgfruuhodwlrqlqudqgrpl}hgvwudwhjlhv/% Mrxu0
qdo ri Pdwkhpdwlfdo Hfrqrplfv/ 4/ 9:0<91
Dxpdqq H1/ dqg V1 Vrulq +4<;<,/ ￿Frrshudwlrq dqg erxqghg uhfdoo/% Jdphv
dqg Hfrqrplf Ehkdylru￿ 4/ 806<1
Ehujlq M1/ dqg E1 Olspdq +4<<9,/ ￿Hyroxwlrqzlwk Vwdwh0Ghshqghqw Pxwdwlrqv/%
Hfrqrphwulfd￿ 97/ <760<891
Eljjv/ O1 Q1 +4<<3,/ / ￿Glvfuhwh Pdwkhpdwlfv/ / Foduhqgrq Suhvv1
Eoxph/ O1H1 +4<<6,/ ￿Wkh Vwdwlvwlfdo Phfkdqlfv ri Vwudwhjlf Lqwhudfwlrq/% Jdphv
dqg Hfrqrplf Ehkdylrxu/ 8/ 6;:07571
Eoxph/ O1H1 +4<<8,/ ￿Krz qrlvh pdwwhuv/% plphr/ Fruqhoo Xqlyhuvlw| Zrunlqj
Sdshu1
Fulssv/ P1 +4<<6,/ ￿H{wuhph Fruuhodwhg dqgQdvkHtxloleuld lq Wzr0Shuvrq Jdphv/%
plphr/ Xqlyhuvlw| ri Zduzlfn1
Hoolvrq/ J1 +4<<6,/ ￿Ohduqlqj/ Orfdo Lqwhudfwlrq/ dqg Frruglqdwlrq/% Hfrqrphw0
ulfd￿ 94/ 437:043:41
Hoolvrq/ J1 +4<<8,/ ￿Edvlqv ri Dwwudfwlrq/ Orqj Uxq Htxloleuld dqg wkh Vshhg ri
Vwhs0e|0Vwhs Hyroxwlrq/% plphr/ PLW1
Ho|/ M1 +4<<9,/ ￿Orfdo Frqyhqwlrqv/% / plphr/ Xqlyhuvlw| ri Fdoliruqld dw Ehunhoh|1
65Hydqjholvwd Ih1 V/ dqg W1H1V1 Udjkdydq +4<<9,/ ￿DQrwh rqFruuhodwhgHtxl0
oleulxp/% Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru|￿ 58/ 680741
Kduvdq|l/ M1 +4<:6,/ ￿Jdphv zlwk udqgrpo| glvwxuehg sd|r￿v= D qhz udwlrqdoh
iru pl{hg0vwudwhj| htxloleulxp srlqwv/% Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru|￿
5/ 40561
Kduw V1/ dqg D1 Pdv Frohoo +4<<:,/ ￿D Vlpsoh Dgdswlyh Surfhgxuh ohdglqj
wr Fruuhodwhg Htxloleulxp/% Fhqwhu iru Udwlrqdolw| dqg Lqwhudfwlyh Ghflvlrq
Wkhru|/ 4591
Kriedxhu/ M1 dqg N1 Vljpxqg +4<;;,/ Wkh Wkhru| ri Hyroxwlrq dqg G|qdplfdo
V|vwhpv/ Fdpeulgjh Xqlyhuvlw| Suhvv1
Ldqql/ D1 +4<<9f,/ ￿Lqwhudfwlrq Sdwwhuqv/ Ohduqlqj Surfhvvhv dqg Htxloleuld lq
Jdphv/% SkG Wkhvlv/ XFO1
Ldqql/ D1 +4<<:,/ ￿Ohduqlqj Fruuhodwhg Htxloleuld lq Qrupdo Irup Jdphv/% Glv0
fxvvlrq Sdshu Xqlyhuvlw| ri Vrxwkdpswrq/ <:461
Ndqgrul/ P1/ J1M1 Pdlodwk dqg U1 Ure +4<<6,/ ￿Ohduqlqj/ Pxwdwlrq/ dqgOrqj
Uxq Htxloleuld lq Jdphv/% Hfrqrphwulfd/ 94/ 5<0891
Ndqgrul/ P1 dqg U1 Ure +4<<6,/ Edqgzdjrq H￿hfwv dqg Orqj Uxq Whfkqrorj|
Fkrlfh/% FDUHVV <60381
Ndqgrul/ P1 dqg U1 Ure +4<<8,/ ￿Hyroxwlrq ri Htxloleuld lq wkh Orqj0Uxq= D
Jhqhudo Wkhru| dqg Dssolfdwlrqv/% Mrxuqdo ri Hfrqrplf Wkhru|/ 98/ 6;607471
Nhphq|/ M1J1 dqg M1 O1 Vqhoo +4<:9,/ ￿Ilqlwh Pdunry Fkdlqv/ Qhz \run= Vsulqjhu0
Yhuodj1
Oljjhww/ W1P1 +4<;8,/ ￿Lqwhudfwlqj Sduwlfoh V|vwhpv/ Qhz \run= Vsulqjhu0Yhuodj1
Pdlodwk J1M1/ Vdpxhovrq O1 dqg D1 Vkdnhg +4<<:,/ ￿Fruuhodwhg Htxloleuld
dqg Orfdo Lqwhudfwlrqv/% Hfrqrplf Wkhru|/ </ 884089;1
66PfIdgghq/ G1 +4<:7,/ ￿Frqglwlrqdo Orjlw Dqdo|vlv ri Txdolwdwlyh Fkrlfh Ehkdy0
lru/ / lq S1 ]duhpend hg1 Iurqwlhuv ri Hfrqrphwulfv/ Qhz \run= Dfdghplf
Suhvv1
PfNhoyh| U1G1/ dqg W1U1 Sdoiuh| +4<<8,/ ￿Txdqwdo Uhvsrqvh Htxloleuld iru
Qrupdo Irup Jdphv/% Jdphv dqg Hfrqrplf Ehkdylru/ 43/ 906;1
Prqghuhu/ G1 dqg O1V1 Vkdsoh| +4<<9d,/ ￿Srwhqwldo Jdphv/% Jdphv dqg Hfr0
qrplf Ehkdylrxu/ 47/ 45704761
Prqghuhu/ G1 dqg O1V1 Vkdsoh| +4<<9e,/ ￿Ilfwlwlrxv Sod| Surshuw| iru Jdphv
zlwk Lghqwlfdo Lqwhuhvwv/% Mrxuqdo ri Hfrqrplf Wkhru|/ 9;/ 58;05981
Pruulv/ V1 +4<<:d,/ ￿Frqwdjlrq/% FDUHVV Zrunlqj Sdshu/ <:0341
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